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AďstƌaĐt 
 

Qualitatiǀe spatial ƌeasoŶiŶg has ďeeŶ aŶ aĐtiǀe field of studǇ iŶ the past feǁ Ǉeaƌs. The ďasiĐ 

esseŶĐe of Ƌualitatiǀe spatial ƌepƌeseŶtatioŶs has aŶd is ďeiŶg used uŶĐoŶsĐiouslǇ iŶ eǀeƌǇdaǇ liǀe 

foƌ desĐƌiďiŶg aŶd eǆpƌessiŶg a loĐatioŶ oƌ a plaĐe. People usuallǇ desĐƌiďe loĐatioŶs ďǇ ƌefeƌƌiŶg to 

laŶdŵaƌks, foƌ eǆaŵple, Ŷeǆt to the liďƌaƌǇ, oƌ south of the paƌk. This ĐoŶĐept is iŵpoƌtaŶt to 

ĐoŵpleŵeŶt ƋuaŶtitatiǀe spatial ƌeasoŶiŶg ďased teĐhŶologies, like GI“, to alloǁ to a ďetteƌ 

ƌepƌeseŶtatioŶ of Ŷeighďouƌhoods. While GI“ is ǀeƌǇ effiĐieŶt iŶ pƌoǀidiŶg a poiŶt ďased 

ĐooƌdiŶates of loĐatioŶs, it laĐks ƌelatiǀe ƌepƌeseŶtatioŶ oƌ ŵodelliŶg of loĐatioŶs oŶ its oǁŶ. 

This Ŷeed has eŶĐouƌaged fuƌtheƌ ƌeseaƌĐh iŶ the field of Ƌualitatiǀe spatial ƌeasoŶiŶg oŶ ǀaƌious 

aspeĐts of spaĐe. These spatial aspeĐts iŶĐlude the tǇpe of oďjeĐts oƌ eŶtities ĐoŶsideƌed ;ƌegioŶ, 

liŶe ...etĐ.Ϳ, aŶd ǀaƌious ƌelatioŶships ďetǁeeŶ these oďjeĐts, like theiƌ shape, size, oƌieŶtatioŶ, 

distaŶĐe oƌ topologǇ.  

 

Although it ŵaǇ seeŵ stƌaight-foƌǁaƌd foƌ a huŵaŶ ŵiŶd to ƌeasoŶ iŶ this ŵaŶŶeƌ, hoǁeǀeƌ, iŶ 

oƌdeƌ foƌ the ŵaĐhiŶe to ĐoŵpƌeheŶd aŶd ƌelate Ƌualitatiǀe spaĐe ŵodels, a speĐial ĐalĐuli ǁas 

Ŷeeded to ƌepƌeseŶt oďjeĐts iŶ spaĐe ǁithiŶ a ĐeƌtaiŶ doŵaiŶ. A keǇ poiŶt heƌe is to ďe aďle to 

ƌepƌeseŶt a ĐeƌtaiŶ eŶtitǇ oƌ oďjeĐt ǁithiŶ a ĐeƌtaiŶ spatial ĐoŶteǆt aŶd tƌǇ to iŶfeƌ its ƌelatioŶship 

ǁith aŶotheƌ oďjeĐt ǁithiŶ the saŵe ĐoŶteǆt, ǁith ƌegaƌds a fiǆed ĐoŵŵoŶ oďjeĐt. 

 

 The aiŵ of this papeƌ is to look iŶto the topologiĐal aspeĐts aŶd ƌepƌeseŶtatioŶs of tǁo oďjeĐts of 

ǀaƌious shapes, ƌepƌeseŶt the oďjeĐts iŶ theiƌ ĐoŶteǆt ǁith ƌegaƌds to a ĐoŵŵoŶ oďjeĐt, applǇ 

ĐeƌtaiŶ ĐoŶstƌaiŶts aŶd a ƌeasoŶiŶg foƌŵalisŵ to geŶeƌate all possiďle ƌelatioŶship ďetǁeeŶ these 

ŵeŶtioŶed oďjeĐts. 

  



   

 

3 

 

Contents 

AďstƌaĐt ............................................................................................................................................................. Ϯ 

List of Figuƌes ..................................................................................................................................................... ϰ 

List of Taďles ...................................................................................................................................................... ϱ 

AďďƌeǀiatioŶs ..................................................................................................................................................... ϲ 

Chapteƌ ϭ IŶtƌoduĐtioŶ....................................................................................................................................... ϳ 

Chapteƌ Ϯ BaĐkgƌouŶd ....................................................................................................................................... ϵ 

Ϯ.ϭ What is QSR? ........................................................................................................................................... ϵ 

Ϯ.Ϯ AppliĐatioŶs of Qualitatiǀe Spatial ReasoŶiŶg ...................................................................................... ϭϬ 

Ϯ.ϯ RepƌeseŶtatioŶ aŶd ƌeasoŶiŶg aspeĐts ................................................................................................. ϭϬ 

Ϯ.ϰ Foƌŵalisŵ desĐƌiptioŶ ........................................................................................................................... ϭϯ 

Chapteƌ ϯ QSR iŶ pƌaĐtiĐe ................................................................................................................................ ϯϬ 

ϯ.Ϯ UtiliziŶg QSR iŶto appliĐatioŶs .............................................................................................................. ϯϬ 

Chapteƌ ϰ Model iŵpleŵeŶtatioŶ ................................................................................................................... ϯϭ 

ϰ.ϭ BasiĐ ŵodel featuƌes ............................................................................................................................. ϯϭ 

ϰ.Ϯ ReasoŶiŶg eŶgiŶe iŵpleŵeŶtatioŶ ........................................................................................................ ϯϯ 

ϰ.ϯ ChalleŶges aŶd iŵpƌoǀeŵeŶt ƌeĐoŵŵeŶdatioŶs .................................................................................. ϰϭ 

Chapteƌ ϱ Test Đases aŶd aŶalǇsis ............................................................................................................... ϰϮ 

ϱ.ϭ Caseϭ: ϮǆϮ ƌegioŶ ǁith defiŶite outĐoŵe ........................................................................................ ϰϲ 

ϱ.Ϯ CaseϮ: ϮǆϮ ƌegioŶ ǁith iŶdefiŶite outĐoŵe ..................................................................................... ϰϳ 

ϱ.ϯ Case ϯ: ϮǆϮ ƌegioŶs ǁith iŶdefiŶite outĐoŵe ................................................................................... ϰϴ 

ϱ.ϰ Case ϰ: Ϯ siŵple ƌegioŶs ǁith a ƌegioŶ aŶd a liŶe ǁith defiŶite outĐoŵe ....................................... ϰϵ 

ϱ.ϱ Case ϱ: Ϯ siŵple ƌegioŶs ǁith a ƌegioŶ aŶd a liŶe ǁith iŶdefiŶite outĐoŵe ϭ ................................. ϱϬ 

ϱ.ϲ Case ϲ: Ϯ siŵple ƌegioŶs ǁith a ƌegioŶ aŶd a liŶe ǁith iŶdefiŶite outĐoŵe Ϯ ................................. ϱϭ 

ϱ.ϳ Case ϳ: ϮXϮ Đoŵpleǆ oďjeĐts ............................................................................................................ ϱϮ 

ϱ.ϴ Case ϴ: speĐial Đase ǁheƌe Ŷo sets aƌe pƌopagated ;uŶiǀeƌsal ƌelatioŶͿ: ........................................ ϱϰ 

Chapteƌ ϲ CoŶĐlusioŶ aŶd ƌefleĐtioŶ ................................................................................................................ ϱϱ 

RefeƌeŶĐes........................................................................................................................................................ ϱϲ 

AppeŶdiĐes ....................................................................................................................................................... ϱϴ 

AppeŶdiǆ ϭ ................................................................................................................................................... ϱϴ 

AppeŶdiǆ Ϯ ................................................................................................................................................... ϱϵ 

 

 
 
 
 

  



   

 

4 

 

List of Figuƌes 

 

Fig.ϭ RCC-ϴ ƌelatioŶs ........................................................................................................................................ ϭϭ 

Fig.Ϯ DeĐoŵpositioŶ of a siŵple ĐoŶǀeǆ ;ĐiƌĐleͿ .............................................................................................. ϭϰ 

Fig.ϯ deĐoŵpositioŶ of a siŵple ĐoŶǀeǆ ;ƌeĐtaŶgleͿ ........................................................................................ ϭϰ 

Fig.ϰ AdjaĐeŶĐǇ ŵatƌiǆ of ďoth shapes iŶ Fig.Ϯ & Fig.ϯ ................................................................................... ϭϰ 

Fig.ϱ Collapsed ǀeƌsioŶ of ŵatƌiǆ fƌoŵ Fig.ϯ ................................................................................................... ϭϰ 

Fig.ϲ DeĐoŵpositioŶ of a liŶe of Ϯ eleŵeŶts iŶ spaĐe aŶd theiƌ ...................................................................... ϭϱ 

Fig.ϳ DeĐoŵpositioŶ aŶd adjaĐeŶĐǇ ŵatƌiǆ of siŵple ĐoŶǀeǆ iŶ spaĐe, ƌepƌeseŶted ďǇ a siŶgle eleŵeŶt ...... ϭϲ 

Fig.ϴ DeĐoŵpositioŶ aŶd adjaĐeŶĐǇ ŵatƌiǆ of siŵple ĐoŶǀeǆ iŶ spaĐe, ƌepƌeseŶted ďǇ Ϯ eleŵeŶts ............... ϭϲ 

Fig.ϵ DeĐoŵpositioŶ aŶd adjaĐeŶĐǇ ŵatƌiǆ of siŵple ĐoŶǀeǆ iŶ spaĐe, ƌepƌeseŶted ďǇ a siŶgle eleŵeŶt ...... ϭϲ 

Fig.ϭϬ ;aͿ & ;ďͿ spatial ƌepƌeseŶtatioŶ of Ϯ oďjeĐts ǆ & Ǉ ǁithout ĐoŶĐaǀe distiŶĐtioŶ ................................... ϭϳ 

Fig.ϭϭ iŶteƌseĐtioŶ ŵatƌiǆ ƌepƌeseŶtiŶg the ƌelatioŶs iŶ Fig.ϭϬ ;aͿ & ;ďͿ ........................................................ ϭϳ 

Fig.ϭϮ ;aͿ & ;ďͿ spatial ƌepƌeseŶtatioŶ of Ϯ oďjeĐts ǆ & Ǉ ǁith ĐoŶĐaǀe distiŶĐtioŶ ........................................ ϭϴ 

Fig.ϭϯ;aͿ,;ďͿ iŶteƌseĐtioŶ ŵatƌiǆ ƌepƌeseŶtiŶg the iŶteƌseĐtioŶs iŶ Fig.ϭϮ ;aͿ & ;ďͿ ƌespeĐtiǀelǇ .................... ϭϴ 

Fig.ϭϰ IŶteƌseĐtioŶ ŵatƌiǆ laǇout ..................................................................................................................... ϭϴ 

Fig.ϭϱ ;aͿ;ďͿ DeĐoŵpositioŶ of R;ǆ,ǇͿ aŶd R;Ǉ,zͿ ǁith iŶteƌseĐtioŶ ŵatƌiĐes ;dͿ aŶd ;eͿ ................................. Ϯϭ 

;ĐͿ the ƌesult deĐoŵpositioŶ ďetǁeeŶ ǆ aŶd z, ;fͿ iŶteƌseĐtioŶ ŵatƌiǆ of the ƌesult ........................................ Ϯϭ 

Fig.ϭϲ ;aͿ;ďͿ DeĐoŵpositioŶ of R;ǆ,ǇͿ aŶd R;Ǉ,zͿ ǁith iŶteƌseĐtioŶ ŵatƌiĐes ;dͿ aŶd ;eͿ ................................. ϮϮ 

;ĐͿ the ƌesult deĐoŵpositioŶ ďetǁeeŶ ǆ aŶd z, ;fͿ iŶteƌseĐtioŶ ŵatƌiǆ of the ƌesult ........................................ ϮϮ 

Fig.ϭϳ ;aͿ;ďͿ DeĐoŵpositioŶ of R;ǆ,ǇͿ aŶd R;Ǉ,zͿ ǁith iŶteƌseĐtioŶ ŵatƌiĐes ;dͿ aŶd ;eͿ ................................. Ϯϯ 

Fig.ϭϴ ƌesultiŶg iŶteƌseĐtioŶ ŵatƌiǆ ďetǁeeŶ oďjeĐts iŶ Fig.ϭϳ ....................................................................... Ϯϰ 

Fig ϭϵ ;aͿ,;ďͿ topologiĐal spatial ƌelatioŶship ďetǁeeŶ Đoŵpleǆ oďjeĐts ........................................................ Ϯϱ 

;ĐͿ,;dͿ iŶteƌseĐtioŶ ŵatƌiĐes of giǀeŶ ƌelatioŶs iŶ ;aͿ aŶd ;ďͿ .......................................................................... Ϯϱ 

Fig.ϮϬ ResultiŶg ƌelatioŶ ďetǁeeŶ oďjeĐts ǆ aŶd z, aŶd ĐoƌƌespoŶdiŶg iŶteƌseĐtioŶ ŵatƌiǆ ........................... Ϯϲ 

Fig.Ϯϭ OďjeĐt deĐoŵpositioŶ aŶd iŶteƌseĐtioŶ ŵatƌiĐes of ;aͿ Ϯ siŵple ƌegioŶs ;ďͿ a ƌegioŶ aŶd a liŶe ......... Ϯϳ 

Fig.ϮϮ ƌesultiŶg iŶteƌseĐtioŶ ŵatƌiǆ ƌepƌeseŶtiŶg ܴሺݔ,  ሻ ............................................................................... Ϯϴݖ

Fig.Ϯϯ All possiďle ĐoŵďiŶatioŶs of ƌelatioŶs ƌepƌeseŶtiŶg ܴሺݔ,  ሻ ................................................................ Ϯϴݖ

Fig. Ϯϰ a ƌepƌeseŶtatioŶ of adjaĐeŶĐǇ ŵatƌiǆ foƌ oďjeĐt ǆ ............................................................................... ϯϮ 

Fig.Ϯϱ IŶteƌseĐtioŶ ŵatƌiĐes of ƌelatioŶs  ܴݖݕܴ  & ݕݔ .................................................................................... ϯϰ 

Fig.Ϯϲ RepƌeseŶtatioŶ of the iŶteƌseĐtioŶ ŵatƌiĐes of ƌelatioŶs  ܴݖݕܴ  & ݕݔ ................................................. ϯϰ 

Fig.Ϯϳ PƌedefiŶed iŶteƌseĐtioŶ ŵatƌiĐes .......................................................................................................... ϰϯ 

Fig.Ϯϴ DeĐoŵpositioŶ of eleŵeŶts ƌepƌeseŶtiŶg ƌegioŶ ƌ aŶd liŶe l ................................................................ ϰϰ 

Fig.Ϯϵ ;aͿ,;ďͿ topologiĐal spatial ƌelatioŶship ďetǁeeŶ Đoŵpleǆ oďjeĐts ǁith oďjeĐts deĐoŵposed, ............. ϱϯ 

;ĐͿ,;dͿ iŶteƌseĐtioŶ ŵatƌiĐes of giǀeŶ ƌelatioŶs iŶ ;aͿ aŶd ;ďͿ .......................................................................... ϱϯ 

 

file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707046
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707047
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707050
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707049
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707051
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707053
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707054
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707055
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707058
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707059
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707062
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707065
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707073
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707074
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707081
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707082
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707087
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707088
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707093
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707094
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707095
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707098
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707099
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707100
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707103
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707105
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707106
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707110
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707111


   

 

5 

 

 

List of Taďles 

 
Taďle.ϭ CoŵpositioŶ taďle foƌ ƌelatioŶs ďetǁeeŶ siŵple ƌegioŶs ;RCC-ϴͿ ....................................................... ϰϯ 

Taďle.Ϯ CoŵpositioŶ taďle foƌ ƌelatioŶs ďetǁeeŶ Ϯ siŵple ƌegioŶs, ǁith a siŵple ƌegioŶ aŶd a liŶe.............. ϰϱ 

 

  

file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707107
file:///C:/Users/Surface/AppData/Roaming/Microsoft/Word/Report%20draft%20V5.asd.docx%23_Toc53707107


   

 

6 

 

AďďƌeǀiatioŶs 

 
Q“‘ Qualitatiǀe “patial ‘easoŶiŶg 

Q“‘‘ Qualitatiǀe “patial ‘epƌeseŶtatioŶ aŶd ‘easoŶiŶg 

Q“T‘ Qualitatiǀe “patial aŶd Teŵpoƌal ‘easoŶiŶg 

GI“ GeogƌaphiĐ IŶfoƌŵatioŶ “Ǉsteŵ 

LDW LiŶked Data Weď 

‘DF ‘esouƌĐe DesĐƌiptioŶ Fƌaŵeǁoƌk. 

OWL Weď OŶtologǇ LaŶguage 

‘CC ‘egioŶ CoŶŶeĐtioŶ CalĐulus 

JEPD  joiŶtlǇ eǆhaustiǀe aŶd paiƌǁise disjoiŶt 

 

 

  



   

 

7 

 

Chapteƌ ϭ IŶtƌoduĐtioŶ 
 

The studǇ of Ƌualitatiǀe spatial ƌepƌeseŶtatioŶ aŶd ƌeasoŶiŶg is ŵaiŶlǇ aiŵiŶg to pƌoǀide a foƌŵal 

ǁaǇ to ƌepƌeseŶt aŶd ŵaŶipulate Ƌualitatiǀe spatial kŶoǁledge ;CohŶ & Hazaƌika, ϮϬϬϭͿ. IŶ oƌdeƌ 

to Đaptuƌe aŶd ƌepƌeseŶt kŶoǁledge iŶ spatial dataďases, ĐeƌtaiŶ tools Ŷeeds to ďe iŵpleŵeŶted 

to eŶhaŶĐe suĐh ƌepƌeseŶtatioŶs ;El GeƌesǇ & AďdelŵotǇ ϮϬϬϰͿ. Theƌe has ďeeŶ ĐoŶtiŶuous 

iŶteƌest to studǇ aŶd eŶhaŶĐe suĐh tools, giǀeŶ the ǀast aŵouŶt of ĐuƌƌeŶt aŶd poteŶtial 

appliĐatioŶs these teĐhŶiƋues aƌe pƌoǀidiŶg. This has eǀolǀed the studǇ of Qualitatiǀe “patial aŶd 

Teŵpoƌal ‘epƌeseŶtatioŶ aŶd ‘easoŶiŶg iŶto a speĐialised field of studǇ iŶ the AƌtifiĐial IŶtelligeŶĐe 

doŵaiŶ ;Bhatt et.al, ϮϬϭϭͿ. 

 

‘epƌeseŶtiŶg geogƌaphiĐ plaĐes aŶd loĐatioŶs has ďeeŶ a ďasiĐ iŶtuitioŶ of huŵaŶ ďeiŶg, although 

ĐogŶitiǀelǇ ŵeaŶiŶgful aŶd uŶdeƌstaŶdaďle. WheŶ asked ǁheƌe Caƌdiff UŶiǀeƌsitǇ is, it ĐaŶ ďe 

easilǇ loĐated ďǇ saǇiŶg its iŶ Caƌdiff, of ǁhiĐh Caƌdiff is paƌt of Wales, of ǁhiĐh Wales is iŶ the UK. 

This ƌelatiǀe ƌepƌeseŶtatioŶ of loĐatioŶ iŶ a ĐeƌtaiŶ doŵaiŶ has ďeeŶ pƌoǀidiŶg a ǀeƌǇ ƌiĐh ĐoŶteǆt 

foƌ ŵodelliŶg loĐatioŶ plaĐes, aŶd is ǁidelǇ used to ĐoŵpleŵeŶt ƋuaŶtitatiǀe spatial ĐoŶteǆts, like 

GI“ aŶd LDW. As iŶdiĐated ďǇ ;AlMuzaiŶi, ϮϬϭϳͿ, GI“ ƌepƌeseŶtatioŶ aŶd ŵappiŶg of loĐatioŶs is 

used to uŶdeƌstaŶd peƌĐeptioŶs of Ŷeighďouƌhoods, ďut eǆteŶdiŶg it ǁith ƋuaŶtitatiǀe ŵodelliŶg 

ǁill pƌoǀide ƌepƌeseŶtatioŶ aŶd ŵappiŶg of Ŷeighďouƌhoods as ǁell.  

The saŵe ĐoŶĐept is appliĐaďle oŶ LiŶked Data Weď ;LDWͿ of ǁhiĐh ƌepƌeseŶtatioŶ of iŶfoƌŵatioŶ 

is Ŷo loŶgeƌ takiŶg the foƌŵ of doĐuŵeŶts ǁith iŶks, ďut ƌatheƌ liŶkiŶg data to otheƌ datasets aŶd 

doĐuŵeŶts, ǁhiĐh has ƌesulted iŶ the iŵpleŵeŶtatioŶ of ǀaƌious seŵaŶtiĐ ǁeď teĐhŶologies, like 

‘DF aŶd OWL. 

“uĐh ƌepƌeseŶtatioŶ is theƌefoƌe ŵaŶdatoƌǇ foƌ the ŵaĐhiŶe iŶ oƌdeƌ to uŶdeƌstaŶd aŶd ƌeasoŶ 

aďout ǀaƌious eŶtities iŶ spaĐe, ǁithout ƌefeƌƌiŶg to ƋuaŶtitatiǀe teĐhŶiƋues like those used iŶ 

Đoŵputeƌ gƌaphiĐs. These ƌepƌeseŶtatioŶs Đaptuƌe the ďasiĐ aspeĐts of spaĐe like topologǇ, shape, 

size, oƌieŶtatioŶ, distaŶĐe, geoŵetƌǇ aŶd iŶteƌseĐtioŶ, iŶ suĐh a ǁaǇ that ĐaŶ ďe distiŶguished ďǇ 

the useƌ aŶd iŶteƌpƌeted ďǇ the ŵaĐhiŶe. The oƌdeƌiŶg ďetǁeeŶ oďjeĐts iŶ spaĐe ŵakes it possiďle 

to applǇ siŵple tƌaŶsitiǀitǇ ƌelatioŶ ďetǁeeŶ these oďjeĐts, iŶ oƌdeƌ to iŶfeƌ Ŷeǁ ƌelatioŶships 

;CohŶ & Hazaƌika, ϮϬϬϭͿ.  
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TƌaŶsitiǀitǇ of oƌdeƌiŶg ďetǁeeŶ ƌelatioŶs is a keǇ faĐtoƌ foƌ iŶfeƌeŶĐe as it pƌoǀides the ŵaiŶ 

ďuildiŶg ďloĐks of the foƌŵalisŵ used iŶ this papeƌ. IŶ Đhapteƌ Ϯ, soŵe of the Ƌualitatiǀe spatial 

ƌeasoŶiŶg attƌiďutes ƌepƌeseŶtatioŶ aspeĐts aƌe goiŶg to ďe addƌessed, aloŶg ǁith soŵe 

appliĐatioŶs. “oŵe Q“‘ pƌaĐtiĐal ĐhalleŶges aŶd iŵpleŵeŶtatioŶs aƌe goiŶg to ďe addƌessed iŶ 

Đhapteƌ ϯ. IŶ Đhapteƌ ϰ the ŵaiŶ foƌŵalisŵ is goiŶg to ďe desĐƌiďed, ďǇ defiŶiŶg the ĐoŶstƌaiŶts, 

aŶd eǆplaiŶiŶg pƌopagatioŶ ƌules. The foƌŵalisŵ shall theŶ ďe ƌeiŶfoƌĐed ǁith a feǁ illustƌatioŶs 

desĐƌiďiŶg ǀaƌious ĐoŵďiŶatioŶs of shapes aŶd ƌelatioŶships. Afteƌ that iŶ Đhapteƌ ϱ, the ŵodel 

iŵpleŵeŶtatioŶ shall ďe eǆplaiŶed ďǇ defiŶiŶg deǀelopŵeŶt tools, liďƌaƌies aŶd paĐkages, 

ĐaptuƌiŶg aŶd stoƌiŶg iŶputs, applǇiŶg ƌeasoŶiŶg ƌules aŶd fiŶallǇ ƌepƌeseŶtiŶg ƌesultiŶg 

ĐoŵpositioŶ taďles. The outĐoŵe of the ŵodel shall theŶ ďe ǀeƌified ǁith a Ŷuŵďeƌ of pƌe-defiŶed 

ƌelatioŶs, of ǁhiĐh ĐoŵpositioŶ taďles ǁeƌe giǀeŶ foƌ ǀaƌious ƌelatioŶs ;tǁo siŵple ƌegioŶs, a 

siŵple ƌegioŶ aŶd a liŶeͿ. These test Đases aƌe goiŶg to ďe eǆteŶsiǀelǇ illustƌated aŶd desĐƌiďed iŶ 

the Đhapteƌ ϱ, aŶd theŶ ĐoŶĐluded ǁith ĐoŶĐlusioŶ aŶd ƌefleĐtioŶ iŶ Đhapteƌ ϲ. 
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Chapteƌ Ϯ BaĐkgƌouŶd 
 

IŶ this seĐtioŶ, Qualitatiǀe “patial ‘easoŶiŶg ;Q“‘Ϳ is desĐƌiďed as ƌefeƌƌed to ďǇ ǀaƌious ƌeseaƌĐh. 

The Ŷeǆt seĐtioŶ, Ϯ.Ϯ pƌoǀides soŵe ĐoŶteǆt of ǁhiĐh Q“‘ aspeĐts of studǇ aƌe of iŶteƌest aŶd 

pƌoǀides soŵe appliĐatioŶs that deŵoŶstƌates hoǁ poǁeƌful aŶd iŵpoƌtaŶt Q“‘ is. Afteƌ that the 

geŶeƌal foƌŵalisŵ of the topologiĐal ƌepƌeseŶtatioŶs aŶd ƌeasoŶiŶg of oďjeĐts iŶ spaĐe is desĐƌiďed 

pƌoǀided ǁith geŶeƌal ĐoŶstƌaiŶts aŶd pƌopagatioŶ ƌules. 

Ϯ.ϭ What is Q“‘? 

 

The teƌŵ Ƌualitatiǀe ŵodelliŶg is used to desĐƌiďe the ƌepƌeseŶtatioŶ aŶd ƌeasoŶiŶg eleŵeŶts 

used ďǇ huŵaŶs to ĐoŵpƌeheŶd the ĐoŶtiŶues ĐhaƌaĐteƌistiĐs of the oďjeĐts iŶ spaĐe ;Faloŵiƌ et 

al., ϮϬϮϬͿ. ‘easoŶiŶg aďout oďjeĐts aŶd suƌƌouŶdiŶg spaĐe iŶ a Ƌualitatiǀe ŵaŶŶeƌ has ďeeŶ 

iŶtuitiǀelǇ used as it oŶlǇ ƌeƋuiƌes a ďasiĐ kŶoǁledge aďout the suƌƌouŶdiŶg Ŷeighďouƌhood, as 

hoǁ diƌeĐtioŶs to a ĐeƌtaiŶ plaĐe oƌ laŶdŵaƌk is desĐƌiďed, oƌ addƌess of a ĐeƌtaiŶ loĐatioŶ, oƌ eǀeŶ 

ďuildiŶg oƌdeƌ iŶ a ĐeƌtaiŶ ďloĐk oƌ aǀeŶue. UŶliŶk ƋuaŶtitatiǀe desĐƌiptioŶ that ƌeƋuiƌes ŶuŵeƌiĐal 

ƌepƌeseŶtatioŶ, Ƌualitatiǀe kŶoǁledge is desĐƌiďed ǁith ďasiĐ aŶd geŶeƌal iŶtuitioŶ of the 

suƌƌouŶdiŶgs. To desĐƌiďe a loĐatioŶ iŶ a ƋuaŶtitatiǀe ŵaŶŶeƌ foƌ eǆaŵple, ĐeƌtaiŶ ĐooƌdiŶates 

Ŷeeds to ďe pƌoǀided. OŶ the otheƌ haŶd, Ƌualitatiǀe ƌepƌeseŶtatioŶ is siŵplǇ addƌessed ďǇ 

desĐƌiďiŶg the loĐatioŶ ďǇ ƌefeƌeŶĐes like Ŷoƌth of , Ŷeǆt to, Ŷeaƌ, ďehiŶd …etĐ.;WaŶg et al., ϮϬϭϴͿ. 

Due to this useful ƌepƌeseŶtatioŶ that is laĐkiŶg iŶ the ƋuaŶtitatiǀe appƌoaĐh, the studǇ of 

Ƌualitatiǀe ƌepƌeseŶtatioŶ has ďeeŶ of gƌeat iŶteƌest to ĐoŵpliŵeŶt those of ƋuaŶtitatiǀe Ŷatuƌe. 

The studǇ of Qualitative Spatial Representation and Reasoning (QSRR) concerns formalisation of 

techniques for manipulating and representing qualitative knowledge in space.  These teĐhŶiƋues 

ĐaŶ theŶ ďe utilized to pƌoǀisioŶ tools that ǁill ďe used ƌepƌeseŶt kŶoǁledge iŶ dataďases of laƌge 

sĐale, like those used iŶ GI“. These appliĐatioŶ doŵaiŶs deŵaŶd sigŶifiĐaŶt aŵouŶt of 

ĐoŵputatioŶal poǁeƌ to ŵaŶage the haŶdliŶg of huge sets of spatial eŶtƌies. Q“‘‘ teĐhŶiƋues 

theƌefoƌe aƌe ĐoŶsideƌed of huge iŵpoƌtaŶĐe as theǇ aƌe aďle to ŵaŶage a ĐeƌtaiŶ degƌee 

iŶdefiŶiteŶess ;El GeƌesǇ & AďdelŵotǇ ϮϬϬϰͿ.  The teƌŵs Q“T‘ has also ďeeŶ used ;Wolteƌ & 

Wallgƌ¨uŶ, ϮϬϭϮͿ ǁhiĐh has iŶĐluded spatial aŶd teŵpoƌal eŶtities. IŶ esseŶĐe, all these 

teƌŵiŶologies aƌe ƌefeƌƌiŶg to the saŵe pƌiŶĐiple of ƌepƌeseŶtiŶg huŵaŶ uŶdeƌstaŶdiŶg of eŶtities 

iŶ spaĐe ;aŶd tiŵeͿ aŶd ƌeasoŶiŶg aďout theiƌ iŶteƌaĐtioŶs iŶ a ĐogŶitiǀe ŵaŶŶeƌ.   

Hoǁeǀeƌ, pƌoǀidiŶg suĐh ĐalĐuli that ŵaĐhiŶes ĐaŶ deĐode foƌ ƌepƌeseŶtiŶg aŶd ƌeasoŶiŶg aďout 

oďjeĐts iŶ theiƌ spaĐe is hoǁeǀeƌ a ĐhalleŶge ;CoheŶ & Hazaƌika, ϮϬϬϭͿ, ;CƌistaŶi, ϭϵϵϵͿ.  It is 
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theƌefoƌe iŵpoƌtaŶt to pƌoǀide a ĐoŶteǆt of ǁhiĐh these ƌepƌeseŶtatioŶs aƌe ŵade, suĐh that 

ǀaƌious spatial aspeĐts aƌe ĐhaƌaĐteƌized aŶd ƌepƌeseŶted.  

 

Ϯ.Ϯ AppliĐatioŶs of Qualitatiǀe “patial ‘easoŶiŶg 

 

Theƌe aƌe Ŷuŵeƌous appliĐatioŶ aƌeas of ǁhiĐh Ƌualitatiǀe spatial ƌeasoŶiŶg, aloŶg ǁith otheƌ 

ƌepƌeseŶtatioŶs, plaǇ a ŵajoƌ paƌt. “uĐh appliĐatioŶs that utilize the ƌepƌeseŶtatioŶ aŶd ƌeasoŶiŶg 

iŶĐludiŶg GeogƌaphiĐ IŶfoƌŵatioŶ “Ǉsteŵ oƌ GI“, ĐogŶitiǀe ƌoďotiĐs aŶd ƌoďotiĐs ŶaǀigatioŶ, spatial 

pƌopositioŶal seŵaŶtiĐs of Ŷatuƌal laŶguages, eŶgiŶeeƌiŶg desigŶ ;CohŶ aŶd Hazaƌika, ϮϬϬϭͿ. Otheƌ 

appliĐatioŶs iŶĐlude medical databases and Computer Aided Design (CAD), Computer Aided 

Manufacture (CAM), and Computer Aided Process Planning (CAPP). The common factor of these 

application domains is the huge computational cost requirement, that is related to representing 

and reasoning of extremely large sets of spatial entities and relations (El GeƌesǇ & AďdelŵotǇ 

ϮϬϬϭͿ. “patial ƌeasoŶiŶg ĐoŶĐepts has also ĐoŶĐeƌŶed ǁith the logiĐ ďehiŶd ‘DF aŶd OWL, of the 

ďasiĐ pƌiŶĐiples of liŶked data oŶ the ǁeď aƌe ƌelated to Q“‘ teĐhŶiƋues.  

;Wolteƌ aŶd Wallgƌ¨uŶ, ϮϬϭϮͿ Đategoƌized these appliĐatioŶs iŶto thƌee ŵajoƌ doŵaiŶs: 

1. ‘oďotiĐ ŶaǀigatioŶ doŵaiŶs, iŶĐludiŶg self-loĐalizatioŶ appliĐatioŶs, ŵap leaƌŶiŶg aŶd 

huŵaŶ-ƌoďot ĐoŵŵuŶiĐatioŶ. 

2. GI“ doŵaiŶs, iŶĐludiŶg ƋueƌǇ pƌoĐessiŶg, siŵilaƌitǇ assessŵeŶt, data iŶtegƌatioŶ, spatial 

aŶalǇsis aŶd ǀisualizatioŶ. 

3. Coŵputeƌ-Aided DesigŶ. 

 

Ϯ.ϯ ‘epƌeseŶtatioŶ aŶd ƌeasoŶiŶg aspeĐts 

 

IŶ oƌdeƌ to ĐoƌƌeĐtlǇ ƌepƌeseŶt oďjeĐts iŶ spaĐe, ǀaƌious aspeĐts oƌ ĐhaƌaĐteƌistiĐs of spaĐe Ŷeeds to 

ďe desĐƌiďed. These ĐhaƌaĐteƌistiĐs iŶĐlude the oŶtologǇ of spaĐe, oďjeĐts topologǇ iŶ spaĐe, theiƌ 

size oƌ the distaŶĐe ďetǁeeŶ oďjeĐts, theiƌ oƌieŶtatioŶ aŶd shape ;CohŶ aŶd Hazaƌika, ϮϬϬϭͿ.  

The ǁaǇ to defiŶe oďjeĐts aƌe oŶe of the ŵaiŶ aspeĐts of iŶteƌest iŶ ƌepƌeseŶtiŶg oďjeĐts iŶ spaĐe. 

OďjeĐts oŶtologǇ iŶ spaĐe ĐoŶĐeƌŶs Ŷot oŶlǇ the oďjeĐts, ďut also the eŵďeddiŶg spaĐe 

suƌƌouŶdiŶg these oďjeĐts. PoiŶts aƌe usuallǇ the ŵost ďasiĐ foƌŵ of ƌepƌeseŶtatioŶ iŶ 

ŵatheŵatiĐal theoƌies of spaĐe, ǁheƌe ƌegioŶs aŶd ŵoƌe Đoŵpleǆ oďjeĐts aƌe ƌepƌeseŶted ďǇ a set 

of poiŶts. Hoǁeǀeƌ, iŶ Q“‘ ƌepƌeseŶtatioŶs, ƌegioŶs of spaĐe aƌe ĐoŶsideƌed the ŵost ďasiĐ foƌŵ of 

ƌepƌeseŶtatioŶ. The Ŷatuƌe of spaĐe suƌƌouŶdiŶg oďjeĐts has also ďeeŶ giǀeŶ ǀaƌious 
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ĐoŶsideƌatioŶs of ǁhetheƌ theǇ aƌe ƌepƌeseŶted as aŶ iŶfiŶite oƌ a fiŶite eleŵeŶt, ĐoŶtiŶuous oƌ 

disĐƌete.  

“iŶĐe ƌepƌeseŶtatioŶ aŶd ƌeasoŶiŶg ĐoŶĐeƌŶs oďjeĐts iŶ theiƌ suƌƌouŶdiŶg spaĐe, topologǇ ŵaǇ ďe 

ĐoŶsideƌed the ŵost sigŶifiĐaŶt of all otheƌ aspeĐts due to the ƌiĐhŶess of topologiĐal ĐoŶteŶt that 

pƌoǀides useful iŶfoƌŵatioŶ aďout oďjeĐts aŶd theiƌ suƌƌouŶdiŶg spaĐe eŶough to ŵake Ƌualitatiǀe 

distiŶĐtioŶs ;CohŶ aŶd Hazaƌika, ϮϬϬϭͿ. Due to this eǆpƌessiǀeŶess of topologǇ foƌ Ƌualitatiǀe 

ƌepƌeseŶtatioŶs, theƌe has ďeeŶ a lot of foĐus iŶ this aƌea aŶd soŵe iŶteƌestiŶg teĐhŶiƋues like the 

‘CC sǇsteŵ ;‘egioŶ CoŶŶeĐtioŶ CalĐulusͿ, ǁhiĐh has ďeeŶ foƌŵed oŶ the ďasis that ƌegioŶs aŶd 

oďjeĐts aŶd the ƌelatioŶ ďetǁeeŶ theŵ as the fuŶdaŵeŶtals iŶstead of poiŶts ;Gotts, ϭϵϵϲͿ.  Theƌe 

has ďeeŶ a lot of iŶteƌest iŶ the ‘CC-ϴ ǀeƌsioŶ of the sǇsteŵ of ǁhiĐh the topologiĐal ƌelatioŶ 

ďetǁeeŶ tǁo siŵple ƌegioŶs is desĐƌiďed. This ƌepƌeseŶtatioŶ is ďased oŶ a ǀeƌǇ siŵple Ǉet 

poǁeƌful ƌelatioŶ: �ሺݔ,  aŶd is ,ݕ aŶd ݔ ሻ. This ƌelatioŶ iŶdiĐates a ĐoŶŶeĐtioŶ ďetǁeeŶ ƌegioŶsݕ

ďoth ƌefleǆiǀe aŶd sǇŵŵetƌiĐ ;‘aŶdell et al, ϭϵϵϮͿ. Although ŵoƌe ƌelatioŶs aƌe deƌiǀed ďǇ this 

iŶteƌpƌetatioŶ ;CohŶ aŶd Hazaƌika, ϮϬϬϭͿ, the foĐus of this papeƌ is utiliziŶg a ŶotioŶ of ‘CC-ϴ, 

ǁhiĐh iŶĐludes the folloǁiŶg ϴ ƌelatioŶs: 

 ܾ ݏ݌݈ܽݎ݁ݒ݋ ܽ .1

 ܾ ݕܾ ݀݁ݎ݁ݒ݋ܿ ݏ� ܽ .2

 ܾ ݊� ݀݁݀ݑ݈ܿ݊� ݏ� ܽ .3

 ܾ ݋ݐ ݈ܽݑݍ݁ ݏ� ܽ .4

 (inverse of 3) ܾ ݏ݊�ܽݐ݊݋ܿ ܽ .5

 (inverse of 2) ܾ ݏݎ݁ݒ݋ܿ ܽ .6

 ܾ ℎݐ�ݓ ݏݐܿ݁݊݊݋ܿ ݕ݈݈ܽ݊ݎ݁ݐݔ݁ ܽ .7

  ܾ ݉݋ݎ݂ ݀݁ݐܿ݁݊݊݋ܿݏ�݀ ݏ� ܽ .8

 

 

 

 

 

 

CoŶsideƌaďle foĐus ǁas giǀeŶ to these ƌelatioŶs, ǁhiĐh ĐaŶ ďe used to ƌepƌeseŶt possiďle ƌelatioŶ 

ďetǁeeŶ tǁo ƌegioŶs, aŶd a ĐoŵpositioŶ taďle of suĐh ƌelatioŶs has ďeeŶ iŶtƌoduĐed. IŶ Đhapteƌ ϱ 

of this papeƌ, this ĐoŵpositioŶ taďle is illustƌated ǁith thoƌough desĐƌiptioŶ of these ƌelatioŶs. VeƌǇ 

liŵited distiŶĐtioŶ ĐaŶ ďe ŵade to shape iŶ this ƌepƌeseŶtatioŶ, like iŶdiĐate if the shape is of a 
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Fig.1 RCC-8 relations 
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ĐoŶǀeǆ, ĐoŶĐaǀe oƌ ĐoŶtaiŶs a hole. Hoǁeǀeƌ, it is Ŷot eŶough to desĐƌiďe gƌeateƌ details, 

distiŶĐtiǀe shape pƌiŵitiǀes Ŷeeds to ďe ŵade ǁithiŶ the Ƌualitatiǀe ƌepƌeseŶtatioŶ ĐoŶteǆt ;CohŶ 

& ‘eŶz, ϮϬϬϳͿ. 

(El GeƌesǇ & AďdelŵotǇ ϮϬϬϬͿ addƌessed a fƌaŵe of ƌefeƌeŶĐe foƌ the Ƌualitatiǀe spatial ƌelatioŶs 

that is ďased oŶ ĐoŵŵoŶ oďjeĐt that is ƌefeƌƌed to foƌ the distiŶĐtioŶ of thƌee ŵaiŶ attƌiďutes: 

topologǇ, oƌieŶtatioŶ aŶd size. UŶlike topologǇ, ƌepƌeseŶtiŶg oďjeĐts diƌeĐtioŶ aŶd oƌieŶtatioŶ 

ƌeƋuiƌes aŶ additioŶal fƌaŵe of ƌefeƌeŶĐe ǁhiĐh iŶdiĐates ĐaŶ ďe of tǁo tǇpes: iŶtƌiŶsiĐ ;oďjeĐts 

ƌotatioŶ ǁith ƌegaƌds to a ƌefeƌeŶĐe oďjeĐt oƌ aƌouŶd itselfͿ,aŶd eǆtƌiŶsiĐ ;east, ǁest Ŷoƌth, southͿ 

fƌaŵes of ƌefeƌeŶĐe. 

Otheƌ iŵpoƌtaŶt aspeĐts of spatial ƌepƌeseŶtatioŶ aƌe distaŶĐe aŶd size. ‘epƌeseŶtiŶg these spatial 

aspeĐts is ŵaiŶlǇ eitheƌ ƌelatiǀe oƌ aďsolute. Theƌe has ďeeŶ soŵe ƌepƌeseŶtatioŶ of ŵagŶitude 

;hoǁ faƌ is oďjeĐt ݔ fƌoŵ oďjeĐt ݕ, oƌ hoǁ ŵuĐh is oďjeĐt ݔ ďiggeƌ thaŶ oďjeĐt ݕͿ ;CohŶ & ‘eŶz, 

ϮϬϬϳͿ. 

;AlleŶ, ϭϵϴϯͿ used the teƌŵ ͞teŵpoƌal iŶteƌǀals͟ aŶd used theŵ as pƌiŵitiǀes to ƌepƌeseŶt ĐhaŶge 

to the state of oďjeĐts iŶ spaĐe usiŶg ĐoŶstƌaiŶt ďased pƌopagatioŶ teĐhŶiƋues.  

IŶ ;Ligozat, Géƌaƌd, aŶd Gƌaƌd Ligozat. ϮϬϭϭͿ, aŶ oƌdeƌiŶg pƌospeĐtiǀe of oďjeĐt ǁith ƌegaƌds to 

eaĐh otheƌ, oƌ a ĐoŵŵoŶ oďjeĐt has ďeeŶ ĐoŶsideƌed, ĐaptuƌiŶg thƌee ďasiĐ ƌelatioŶs: 

• The saŵe leǀel as 

• IŶ fƌoŶt of / ďehiŶd. 

• Gƌeateƌ thaŶ / sŵalleƌ thaŶ. 

IŶ the Ŷeǆt Đhapteƌ, the foƌŵalisŵ desĐƌiďiŶg the topologiĐal aspeĐts aƌe oŶlǇ ĐoŶsideƌed ǁith 

liŵited ŶotatioŶ to oďjeĐt shape aŶd size, aŶd Ŷo ŶotioŶ to oƌieŶtatioŶ, diƌeĐtioŶ, oƌ tiŵe has ďeeŶ 

ĐoŶsideƌed.  
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Ϯ.ϰ Foƌŵalisŵ desĐƌiptioŶ 

 

The foĐus of this papeƌ is ĐoŶsideƌiŶg ǀaƌious shapes ;siŵple aŶd Đoŵpleǆ ƌegioŶs, aŶd liŶesͿ, eǆ-

ploitiŶg the tƌaŶsitiǀitǇ of ƌelatioŶs ďetǁeeŶ these oďjeĐts aŶd utiliziŶg it to Đoŵe up ǁith a foƌ-

ŵalisŵ to eǆplaiŶ this featuƌe. The foƌŵalisŵ has ďeeŶ pƌoǀed to ďe souŶd aŶd Đoŵplete using the 

basic axioms of transitivity and set intersections in the set theory, as it has been detailed in ;El 

GeƌesǇ & AďdelŵotǇ ϮϬϬϰͿ. Qualitatiǀe ƌepƌeseŶtatioŶ of Đoŵpleǆ oďjeĐts iŶ spaĐe ĐoŶsideƌiŶg 

ǀaƌious topologiĐal ƌelatioŶships is to ďe disĐussed aŶd pƌeseŶted iŶ this seĐtioŶ. OŶĐe the 

ƌepƌeseŶtatioŶ is addƌessed, geŶeƌal ƌeasoŶiŶg foƌŵalisŵ ĐaŶ theŶ ďe eǆploƌed. The foƌŵalisŵ, 

geŶeƌal ĐoŶstƌaiŶts aŶd pƌopagatioŶ ƌules desĐƌiďed iŶ this seĐtioŶ aƌe ďased oŶ ;El GeƌesǇ & 

AďdelŵotǇ ϮϬϬϰͿ, . 

 

Objects representation:  

Each object and its surrounding space are divided into several elements of which each describes a 

certain characteristic of this object in space. The representations describe how these elements are 

connected between each other and their surrounding space and are referred to as adjacency ma-

trices. The adjaĐeŶĐǇ ŵatƌiǆ is theŶ ĐoŶsideƌed the ŵaiŶ ǁaǇ of ƌepƌeseŶtiŶg the oďjeĐt͛s topol-

ogy, with the intersection of its elements explicitly identified. A key point to identify here is that 

the infinite space surrounding each object, or in other words the complement of the object, is al-

ways referred to as element 0. Therefore, say for an object ݔ, this infinite space is denoted by ݔ଴. 

Other elements of object ݔ are then denoted by how they interconnect with element ݔ଴, and with 

each other. In order to represent a certain object ܺ, in space ܵ, we use the following simple for-

mula:  ݔ = ⋃ �௜ݔ 
௜=ଵ   

 ܵ௫ = ݔ ׫   ଴ݔ

Of which  ܵ௫ indicates the space of which object ݔ is part of. This means that object ݔ can be rep-

resented by a union of intersections between all the elements of object ݔ and its surrounding 

space  ܵ௫. This simple notation is the core of the upcoming formalism that is used to represent ob-

jects in space. The representation is illustrated in the following few examples, considering a simple 

region and its surrounding space with bounties as of Fig. 2. The surrounding area of object ܺ is 

represented by infinite component ݔ଴, the boundary element of object ܺ is represented 
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by ݔଵ, and the areal element within the boundary is represented by ݔଶ. If we ignore the object 

shape for a moment, any simple convex may be represented in the same manner as in the follow-

ing 2 simple regions. Their decompositions are illustrated in Fig.2 & Fig.3 and the adjacency matrix 

of both decompositions are exactly the same in this case, and are represented in Fig.4 and Fig.5. 

  

 

 

 

 

 

 

 

  
 

  

 

 

 

    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

EaĐh eleŵeŶt of a ĐeƌtaiŶ oďjeĐt is ƌepƌeseŶted ďǇ oďseƌǀiŶg the ĐoŶŶeĐtiǀitǇ ǁith otheƌ eleŵeŶts 

of the oďjeĐt, oƌ ǁith the suƌƌouŶdiŶg spaĐe. CoŶŶeĐted eleŵeŶts aƌe ƌepƌeseŶted ďǇ a ϭ iŶ the 

taďle, aŶd Ϭ otheƌǁise. We ĐaŶ ŶotiĐe fƌoŵ Fig.ϰ that the adjaĐeŶĐǇ ŵatƌiǆ is sǇŵŵetƌiĐ oǀeƌ 

diagoŶal aŶd theƌefoƌe ƌepeated iŶfoƌŵatioŶ ŵaǇ ďe ƌeŵoǀed fƌoŵ the taďle to foƌŵ the 

Đollapsed ǀeƌsioŶ as iŶ Fig.ϱ. We shall use this foƌŵat thƌoughout this papeƌ to ƌepƌeseŶt adjaĐeŶĐǇ 

ŵatƌiǆ of oďjeĐt iŶ spaĐe.  

The aspeĐt of shape ƌepƌeseŶtatioŶ is oŶe of the ĐhalleŶges of Ƌualitatiǀe ƌeasoŶiŶg iŶ spaĐe. 

Theƌe aƌe hoǁeǀeƌ soŵe useful ŵeĐhaŶisŵs iŶ the doŵaiŶ of Qualitatiǀe “hape DesĐƌiptoƌs ;Q“DͿ, 

of ǁhiĐh has shoǁŶ eǆĐelleŶt ƌesults iŶ soŵe appliĐatioŶs ;Faloŵiƌ et al, ϮϬϮϬͿ. A ǀeƌǇ siŵple 

 x0 x1 x2 

 x0 - 1 0 

x1 1 - 1 

x2 0 1 - 

Fig. 4 Adjacency matrix of both shapes in Fig.2 & Fig.3 

 ଶݔ 
 ଵݔ

 ଴ݔ

 ଶݔ

 ଵݔ ଴ݔ
x0   

1 x1  

0 1 x2 

Fig. 5 Collapsed version of matrix from Fig.3 

Fig. 2 Decomposition of a simple convex (circle) 

Fig. 3 decomposition of a simple convex (rectangle) 
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illustƌatioŶ ŵaǇ ďe doŶe ďǇ ƌepƌeseŶtiŶg Ŷuŵďeƌ of aŶgles of a ĐeƌtaiŶ shape ďǇ poiŶts if oŶlǇ 

shape is ĐoŶĐeƌŶed, foƌ eǆaŵple a ƌeĐtaŶgle ŵaǇ ĐoŶsist of ϰ ĐoŵpoŶeŶts ƌepƌeseŶtiŶg eaĐh aŶgle, 

ǁheƌeas a heǆagoŶ ŵaǇ ĐoŶsist of ϴ ĐoŵpoŶeŶts. IŶ the ĐoŶteǆt of this papeƌ, ǁe shall ĐoŶsideƌ 

the ƌelatioŶs ďetǁeeŶ oďjeĐts of aƌďitƌaƌǇ ĐoŵpleǆitǇ, ƌegaƌdless of hoǁ ŵaŶǇ ĐoŵpoŶeŶts aƌe 

used to ƌepƌeseŶt eaĐh oďjeĐt.  

The saŵe ĐoŶĐept ŵaǇ also ďe applied to ƌepƌeseŶt a stƌaight liŶe iŶ spaĐe. Fig. ϲ ďeloǁ illustƌates 

the deĐoŵpositioŶ of oďjeĐt ݔ, ǁhiĐh is a liŶe iŶ of ǁhiĐh eaĐh eŶd is ƌepƌeseŶted ďǇ aŶ eleŵeŶt 

 .ଶͿ. AŶotheƌ deĐoŵpositioŶ ŵaǇ ƌepƌeseŶt ďoth eŶds of the liŶe ǁith a siŶgle ĐoŵpoŶeŶtݔ ଵ aŶdݔ;

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This ƌepƌeseŶtatioŶ hoǁeǀeƌ is Ŷot stƌiĐtlǇ the oŶlǇ ǀalid ƌepƌeseŶtatioŶ; ŵaŶǇ oďjeĐts ŵaǇ ďe 

ƌepƌeseŶted ďǇ less oƌ ŵoƌe ĐoŵpoŶeŶts if diffeƌeŶt leǀel of pƌeĐisioŶ is ƌeƋuiƌed. Higheƌ 

ƌesolutioŶ of ĐoŵpoŶeŶts pƌoǀides ďetteƌ pƌeĐisioŶ of ƌelatioŶs iŶ the outĐoŵe, at the Đost of 

iŶĐƌeasiŶg the ĐoŵpleǆitǇ of the ƌesultiŶg ƌelatioŶs. The folloǁiŶg illustƌatioŶ of a ĐoŶǀeǆ 

ƌepƌeseŶted iŶ spaĐe ǁith just a siŶgle aƌeal ĐoŵpoŶeŶt ǆϭ as iŶ Fig.ϳ, ǁheƌeas the seĐoŶd ĐoŶǀeǆ 

iŶ Fig.ϴ is ƌepƌeseŶted ǁith aŶ aƌeal eleŵeŶt ݔଶ, ǁhiĐh is ďouŶded ďǇ ݔଵ. Otheƌ oďjeĐt tǇpes 

illustƌated ďeloǁ iŶĐludes a ĐoŶĐaǀe as of Fig.ϵ, of ǁhiĐh the seŵi-ďouŶded ͞Đaǀe͟ aƌea is 

ƌepƌeseŶted ǁith aŶotheƌ ǀiƌtual eleŵeŶt ݔଷ. 

 

 

 

 

 

 

 

x0   

1 x1  

1 1 x2 

 ଴ݔ ଵݔ

 ଶݔ
Fig.6 Decomposition of a line of 2 elements in space and their  

adjacency matrix 
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RelatioŶs ƌepƌeseŶtatioŶs: 

Noǁ that the Ƌualitatiǀe ƌepƌeseŶtatioŶ of oďjeĐts iŶ spaĐe is defiŶed, the saŵe pƌiŶĐiple ĐaŶ ďe 

applied to ƌepƌeseŶt the topologiĐal ƌelatioŶ ďetǁeeŶ ŵultiple oďjeĐts. The ƌepƌeseŶtatioŶ heƌe 

shall iŶĐlude the ĐoŵpoŶeŶts of the fiƌst eleŵeŶt iŶ the ƌoǁs of the taďle, aŶd the ĐoŵpoŶeŶts of 

the seĐoŶd eleŵeŶts iŶ the ĐoluŵŶs. The ƌelatioŶ ďetǁeeŶ the ĐoŵpoŶeŶts ŵaǇ theŶ easilǇ 

ƌepƌeseŶted ďǇ ϭ if theƌe is aŶ iŶteƌseĐtioŶ, aŶd Ϭ otheƌǁise.  

As ŵeŶtioŶed eaƌlieƌ, the ŵeĐhaŶisŵ used to deĐoŵpose oďjeĐts defiŶes hoǁ fiŶe the topologiĐal 

ƌelatioŶs ǁill eŶd up. The ŵoƌe eleŵeŶts used to ƌepƌeseŶt aŶ oďjeĐt, the fiŶeƌ the topologiĐal 

ƌelatioŶ. If ǁe ĐoŶsideƌ the ĐoŶĐaǀe eǆaŵple oŶĐe ŵoƌe, ǀaƌious tǇpes of deĐoŵpositioŶs pƌoǀide 

ǀaƌious leǀels of uŶdeƌstaŶdiŶg the oďjeĐt iŶ its spaĐe. If a ǀiƌtual ĐoŵpoŶeŶt is Ŷot ĐoŶsideƌed as 

of Fig. ϵ, it ǁill ďe iŵpossiďle to ideŶtifǇ if the otheƌ oďjeĐt is iŶside the ĐoŶĐaǀe oƌ Ŷot. 

The ƌesultiŶg iŶteƌseĐtioŶ ŵatƌiǆ ďetǁeeŶ oďjeĐts ݔ aŶd ݕ aƌe eǆaĐtlǇ the saŵe iŶ this Đase, ǁhiĐh 

does Ŷot pƌoǀide distiŶĐtioŶ of ǁheƌe oďjeĐt ݔ is loĐated. The iŶteƌseĐtioŶ ŵatƌiǆ iŶ Fig.ϭϭ does Ŷot 

x0   

1 x1  

0 1 x2 

x0   

1 x1  

x0    

1 x1   

0 1 x2  

1 1 0 x3 

 ଵݔ 
଴ݔ
0 

 ଶݔ 
଴ݔ ଵݔ

0 

 

 

 

 

 ଶݔ 

 ଴ݔ ଵݔ

 ଷݔ

Fig.7 Decomposition and adjacency matrix of 
simple convex in space, represented by a 

single element 

Fig.8 Decomposition and adjacency matrix of 
simple convex in space, represented by 2 

elements 

Fig.9 Decomposition and adjacency matrix of simple 
convex in space, represented by a single element 
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pƌoǀide aŶǇ distiŶĐtioŶ of this Ŷatuƌe, aŶd iŶ faĐt the adjaĐeŶĐǇ ŵatƌiǆ of oďjeĐt ݕ is eƋuiǀaleŶt to 

the oŶe ƌepƌeseŶtiŶg a ĐoŶǀeǆ. DepeŶdiŶg oŶ the appliĐatioŶ, pƌoǀidiŶg ŵoƌe iŶfoƌŵatioŶ aďout 

soŵe shape aspeĐts of eaĐh oďjeĐt giǀes fuƌtheƌ distiŶĐtioŶ iŶ topologiĐal ƌepƌeseŶtatioŶ aŶd 

ƌeasoŶiŶg. Theƌefoƌe ƌepƌeseŶtiŶg ďouŶded oƌ uŶďouŶded spaĐe ǁith ĐoŵpoŶeŶts is so poǁeƌful 

iŶ Ƌualitatiǀe spatial ƌeasoŶiŶg. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

OŶ the otheƌ haŶd, addiŶg the ǀiƌtual ĐoŵpoŶeŶt ݕଷ shall giǀe us ŵoƌe iŶfoƌŵatioŶ aďout the 

foƌŵatioŶ of oďjeĐt ݕ, aŶd shall pƌoǀide a ďetteƌ distiŶĐtioŶ of the topologiĐal ƌelatioŶ ďetǁeeŶ 

oďjeĐts ݕ & ݔ. The eǆaŵple iŶ Fig.ϭϮ;aͿ & ;ďͿ, aŶd Fig.ϭϯ ;aͿ & ;ďͿ shoǁs hoǁ this distiŶĐtioŶ ĐaŶ ďe 

ƌepƌeseŶted iŶ these iŶteƌseĐtioŶ ŵatƌiĐes. 

 

 

 

 

 

 y0 y1 y2 

x0 1 1 1 

x1 1 0 0 

x2 1 0 0 

 

 

 

 

 

y2 

 ଵݕ

 ଴ݔ
 ଴ݕ 
 

 

 ଵݔ ଶݔ
 

 

 

 

 

y2 

 ଵݕ

 ଴ݕ ଴ݔ
 

 
 ଶݔ ଴ݔ

Fig.10 (a) & (b) spatial representation of 2 
objects x & y without concave distinction 

(a) (b) 

Fig.11 intersection matrix representing the relations 
in Fig.10 (a) & (b) 
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In order to formulate this, let ܴሺ௫,௬ሻ be the relation between objects ݔ and ݕ each in its respective 

space ܺ, ܻ.  We may then simply represent the intersection relation between these two objects by 

the intersection of elements from space ݔ with the intersection of elements of object ݕ. Let m be 

the number of elements in ݔ, and l be the number of elements in ݕ, then: 

 ܴሺ௫,௬ሻ = ݔ ת   ݕ

            = (⋃ ࢓�࢞
�=� ) ת  ቌ⋃ ࢒�࢟

�=� ቍ   
 

 

 

 

 

 

 y0 y1 y2 y3 

x0 1 1 1 1 

x1 1 0 0 0 

x2 1 0 0 0 

 y0 y1 y2 y3 

x0 1 1 1 1 

x1 0 0 0 1 

x2 0 0 0 1 

 y0 y1 y2 … 

x0     

x1     

x2     

…     

Fig.14 Intersection matrix layout 

 

 

 

 

 

y2 

 ଵݕ

 ଴ݕ ଴ݔ
 

 
 ଷݕ

 

 ଵݔ ଶݔ
 

 

 

 

 

y2 

 ଵݕ

 ଴ݕ ଴ݔ
 

 
 ଷݕ                     ଵݔ

 
 ଶݔ

 

Fig.12 (a) & (b) spatial representation of 2 
objects x & y with concave distinction 

(a) (b) 

Fig.13(a),(b) intersection matrix representing the 
intersections in Fig.12 (a) & (b) respectively 

(a) (b) 
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Which shall form the intersection matrix as in Fig.14, and the size of the table is ݉ × ݈ . Non-empty 

iŶteƌseĐtioŶs aƌe iŶdiĐated ďǇ a ͚ŶoŶ-zeƌo͛ ǀalue iŶ the iŶteƌseĐtioŶ Đell, ǁheƌeas eŵptǇ iŶteƌseĐ-

tioŶ is iŶdiĐated ďǇ a ͚zeƌo͛. If we go back to the concave example in Fig 12.(a), component ݔଵ has 

a non-empty intersection with component ݕ଴, but has an empty intersection with component ݕଵ. 

A few examples shall be described with more details in the next section, after exploring the gen-

eral constraints and propagation rules. 

 

QSR formalism: 

 

Reasoning formalism consists two constraints to regulate the relations between objects in space, 

two rules of propagation of relations between the objects in space. It is worth mentioning that 

soundness and completeness of this formalism has been addressed in ;El GeƌesǇ & AďdelŵotǇ 

ϮϬϬϰͿ aŶd ;El GeƌesǇ & AďdelŵotǇ ϮϬϬϬͿ. These ƌules shall ďe used aŶd applied iŶ this papeƌ as is 

to geŶeƌate the ƌeƋuiƌed ŵodel, aŶd theƌefoƌe shall ďe ďƌieflǇ desĐƌiďed iŶ this seĐtioŶ ǁithout go-

iŶg iŶto the details of pƌoǀiŶg souŶdŶess aŶd ĐoŵpleteŶess pƌopeƌties. 

 

Let ܴଵሺݔ, ,ݕaŶd let ܴଶሺ ,ݕ aŶd ݔ ሻ ďe the ŵatƌiǆ ƌepƌeseŶtiŶg the spatial ƌelatioŶ ďetǁeeŶ oďjeĐtsݕ -theŶ the ƌeasoŶ ,ݖ aŶd ݕ ሻ ďe the ŵatƌiǆ ƌepƌeseŶtiŶg the spatial ƌelatioŶ ďetǁeeŶ oďjeĐtsݖ

iŶg pƌoĐess siŵplǇ put ĐoŶsists of pƌopagatiŶg the ĐoŶstƌaiŶts of ܴଵሺݔ, ,ݕሻ  & ܴଶሺݕ  ሻ to geŶeƌate aݖ

Ŷeǁ spatial ƌelatioŶ ܴଷሺݔ,  :ሻ. These geŶeƌal ĐoŶstƌaiŶts ĐaŶ ďe suŵŵaƌised ďeloǁݖ

 

1. EǀeƌǇ iŶfiŶite eleŵeŶt of aŶ oďjeĐt ďut iŶteƌseĐt ǁith at least oŶe iŶfiŶite eleŵeŶt of the 

otheƌ oďjeĐt. IŶ ouƌ pƌeǀious eǆaŵples, ǆϬ ŵust alǁaǇs iŶteƌseĐt ǁith ǇϬ. IŶ otheƌ ǁoƌds, iŶ-

fiŶite eleŵeŶts ĐaŶ͛t iŶteƌest ǁith fiŶite eleŵeŶts. This ŵeaŶs that if ǁe aƌe ƌeasoŶiŶg 

aďout oďjeĐts ݔ aŶd ݖ, theŶ it is alǁaǇs the Đase that:  ݖ଴ ת ଴ݔ ≠ ∅. IŶ otheƌ ǁoƌds, iŶ the 

ƌesultiŶg iŶteƌseĐtioŶ taďle, the iŶteƌseĐtioŶ ďetǁeeŶ ݔ଴ aŶd ݖ଴ is alǁaǇs ϭ. 

2. EǀeƌǇ eleŵeŶt fƌoŵ oŶe spaĐe ŵust haǀe at least oŶe iŶteƌseĐtioŶ ǁith aŶ eleŵeŶt of the 

otheƌ spaĐe. IŶtuitiǀelǇ, ǁe ĐaŶ͛t haǀe a ƌoǁ oƌ a ĐoluŵŶ of the iŶteƌseĐtioŶ ŵatƌiǆ to ďe 

full of Ϭ͛s ;eŵptǇ iŶteƌseĐtioŶsͿ. 

The aiŵ of pƌopagatiŶg iŶteƌseĐtioŶs ďetǁeeŶ the eleŵeŶts of oďjeĐts iŶ theiƌ spaĐe is to iŶfeƌ the 

ƌelatioŶ ďetǁeeŶ oďjeĐts ݔ aŶd ݖ, giǀeŶ a ĐoŵŵoŶ oďjeĐt ݕ, aŶd is ƌepƌeseŶted ďǇ the Đoŵposi-

tioŶ taďle of ܴሺ௫,௬ሻ. Theƌe aƌe Ϯ ŵaiŶ ƌules foƌ the pƌopagatioŶ of iŶteƌseĐtioŶs: 
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‘uleϭ: PƌopagatioŶ of ŶoŶ-eŵptǇ iŶteƌseĐtioŶs 

Let ݔ′ = { ǆϭ, ǆϮ, … , ǆŵ’} a suďset of the set of eleŵeŶts of spaĐe ܺ  ǁhiĐh has ŵ ĐoŵpoŶeŶts, aŶd  ݉′ ≤  ݉ . Let z’ = {zϭ, zϮ, …, zŶ’} a suďset of the set of eleŵeŶts of spaĐe ܼ ǁhiĐh has ݊ Đoŵpo-

ŶeŶts, aŶd ݊′ ≤ ݊ . With ݕ௝, a ĐoŵpoŶeŶt of spaĐe ܻ, the folloǁiŶg ƌule goǀeƌŶs the iŶteƌseĐtioŶ 

ƌelatioŶ of the spaĐes ܺ, ܻ, aŶd ܼ. ሺݔ′ ُ ௝ݕ ௝ሻ ⋀ሺݕ  َ ሻ′ݖ → ′ݔ  ת ′ݖ  ≠  ∅ሻ   
This ƌule is applied a Ŷuŵďeƌ of tiŵes eƋual to the Ŷuŵďeƌ of ĐoŵpoŶeŶts of the ĐoŵŵoŶ oďjeĐt ݕ. If ŵ is Ŷuŵďeƌ of ĐoŵpoŶeŶts of oďjeĐt ݔ iŶ spaĐe ܺ, aŶd Ŷ is the Ŷuŵďeƌ of ĐoŵpoŶeŶts of oď-

jeĐt ݖ iŶ spaĐe ܼ, theŶ ƌesultiŶg ĐoŵpositioŶ taďle is of size ݉ ǆ ݊. 
‘uleϮ: PƌopagatioŶ of eŵptǇ iŶteƌseĐtioŶs 

 

Let z’ = {zϭ, zϮ, …, zŶ’} a suďset of the set of eleŵeŶts of spaĐe ܼ ǁhiĐh has Ŷ ĐoŵpoŶeŶts, aŶd ݊′ ≤݊. Let Ǉ’ = { Ǉϭ, ǇϮ, … , Ǉŵ’} a suďset of the set of eleŵeŶts of spaĐe ܻ ǁhiĐh has ݈ ĐoŵpoŶeŶts, aŶd  ݈’ ≤ ݈ . With ݔ௜, a ĐoŵpoŶeŶt of spaĐe ܺ, the folloǁiŶg ƌule goǀeƌŶs the iŶteƌseĐtioŶ ƌelatioŶ of the 

spaĐes ܺ, ܻ aŶd ܼ. ሺݔ௜ َ ሻ′ݕ ר  ሺݕ′ َ ሻ′ݖ →   ሺݔ௜ ת ሺܼ − ଵݖ  − ଶݖ  − ⋯ ′�ݖ − ሻ = ∅  

 

The common object ݕ indicates the intersection points of which propagation of elements occur, 

and the representation of it is fundamental in applying the reasoning rules. Another important ele-

ment is the number of components per object is intersecting with the other object, which in fact 

dictates how propagation of non-empty relations take place. Consequently, these 2 aspects dic-

tate whether the output of the reasoning process is a definite result, an indefinite result (disjoint 

of intersection relations), or a universal relation (all possible combination without distinction). 

IŶ oƌdeƌ to fuƌtheƌ elaďoƌate the iŵpoƌtaŶĐe of these aspeĐts, ĐoŶsideƌ ݉′ the Ŷuŵďeƌ of Đoŵpo-

ŶeŶts of the set ݔ′, aŶd ݉ the total Ŷuŵďeƌ of ĐoŵpoŶeŶts iŶ spaĐe ܺ. Let ݊′ ďe the Ŷuŵďeƌ of 

ĐoŵpoŶeŶts of the set ݖ′, aŶd ݊ ďe the total Ŷuŵďeƌ of ĐoŵpoŶeŶts iŶ spaĐe ܼ. We ĐaŶ theŶ oď-

seƌǀe the folloǁiŶg sĐeŶaƌios: 

1. If ሺ݉′ = ͳ ש ݊′ = ͳሻ theŶ the ƌesultiŶg ĐoŵpositioŶ taďle is geŶeƌated fƌoŵ the pƌopaga-

tioŶ of defiŶite set of iŶteƌseĐtioŶs. AŶ eǆaŵple is shoǁŶ iŶ Fig.ϭϱ of ǁhiĐh the deĐoŵposi-

tioŶ of Ϯ oďjeĐts ǁith ϭ aƌeal ĐoŵpoŶeŶt eaĐh ;Ŷo ďouŶdaƌiesͿ, aloŶg ǁith iŶteƌseĐtioŶ ŵa-

tƌiĐes aƌe ĐoŶsideƌed. AŶotheƌ siŵilaƌ eǆaŵple ďut this tiŵe ǁith ďouŶdaƌies is illustƌated 

iŶ Fig.ϭϲ. 
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BǇ applǇiŶg the ƌeasoŶiŶg ƌules pƌopagatiŶg ŶoŶ-eŵptǇ iŶteƌseĐtioŶs ;ƌule ϭͿ , ǁe get the folloǁiŶg 

 

IŶ oƌdeƌ to applǇ ƌule ϭ foƌ the pƌopagatioŶ of ŶoŶ-eŵptǇ ƌelatioŶs, take iŶteƌseĐtioŶs ďetǁeeŶ ݔ′ 
aŶd ݖ′ thƌough the ĐoŵŵoŶ ĐoŵpoŶeŶts of ݕ′: 

′଴ iŶteƌseĐtioŶs: ሺ݉ݕ • = ͳ, ݊′ = ʹሻ, theŶ: { ݔ଴} ُ ଴ݕ ⋀ ଴ݕ  َ ,଴ݖ} {ଵݖ →  ሺݖ଴ ଴ݔ ת ≠  ∅ሻ  ⋀  ሺݖଵ ଴ݔ ת ≠  ∅ሻ  
′ଵ iŶteƌseĐtioŶs: ሺ݉ݕ • = ʹ, ݊′ = ͳሻ { ݔ଴, {ଵݔ ُ ଵݕ ⋀ ଵݕ  َ {ଵݖ} →   ሺݔ଴ ଵݖ ת ≠ ש ∅  ଵݔ   ଵݖ ת ≠  ∅ሻ 

 

AŶd pƌopagatiŶg eŵptǇ iŶteƌseĐtioŶs ;ƌule ϮͿ ǁe haǀe: 

َ ଴ݔ • ,଴ݕ}  {ଵݕ َ ,଴ݖ} {ଵݖ − Ŷo eŵptǇ iŶteƌseĐtioŶs aƌe pƌopagated ďetǁeeŶ ݔ଴ aŶd ܼ. 

َ ଵݔ • {ଵݕ}  َ {ଵݖ} → ଵݔ  ଴ݖ ת =  ∅  

 

WhiĐh ƌesults iŶ the iŶteƌseĐtioŶ ŵatƌiǆ iŶ Fig.ϭϱ ;fͿ aŶd the ƌepƌeseŶtatioŶ iŶ Fig.ϭϱ ;ĐͿ.  

CoŶsideƌiŶg the saŵe ƌegioŶs agaiŶ ďut ǁith ďouŶdaƌies, ŵoƌe eleŵeŶts ǁill ďe ĐoŶsideƌed as ƌep-

ƌeseŶted iŶ Fig. ϭϲ. IŶ this Đase the ďouŶdaƌǇ of eaĐh oďjeĐt is ƌepƌeseŶted ǁith a dediĐated Đoŵ-

poŶeŶt. 

 

 

 y0 y1 

x0 1 1 

x1 0 1 

 z0 z1 

y0 1 1 

y1 0 1 

 z0 z1 

y0 1 1 

y1 0 1 

 ଵݕ 
 

 ଵݔ ଴ݕ ଴ݔ
 ଴ݕ ଴ݔ

 
y1 
 ଵݕ 

 ଴ݕ ଴ݔ ଵݖ
 ଵݔ ଵݖ               

(a) (b) (c) 

(d) (e) (f) 

Fig.15 (a)(b) Decomposition of R(x,y) and R(y,z) with intersection matrices (d) and (e) 

(c) the result decomposition between x and z, (f) intersection matrix of the result 
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ApplǇiŶg ƌule ϭ: pƌopagatioŶ of ŶoŶ-eŵptǇ ƌelatioŶs: 

• IŶteƌseĐtioŶs of ݕ଴ ሺ݉′ = ͳ, ݊′ = ͵ሻ: { ݔ଴} ُ ଴ݕ ⋀ ଴ݕ  َ ,଴ݖ} ,ଵݖ {ଶݖ →  ሺݖ଴ ଴ݔ ת ≠  ∅ሻ  ⋀  ሺݖଵ ଴ݔ ת ≠  ∅ሻ ⋀  ሺݖଶ ଴ݔ ת ≠  ∅ሻ 

• IŶteƌseĐtioŶs of ݕଵ ሺ݉′ = ͳ, ݊′ = ͳሻ: { ݔ଴} ُ ଵݕ ⋀ ଵݕ  َ {ଶݖ} →  ሺ ݖଶ ଴ݔ ת ≠  ∅ሻ  
• IŶteƌseĐtioŶs of ݕଶ ሺ݉′ = ͵, ݊′ = ͳሻ: { ݔ଴, ,ଵݔ {ଶݔ ُ ଶݕ ⋀ ଶݕ  َ {ଶݖ} →  ሺݔ଴ ଶݖ ת ≠  ∅ሻ  ⋀  ሺݔଵ ת ଶݖ  ≠  ∅ሻ ⋀  ሺݔଶ ଶݖ ת ≠  ∅ሻ 

“iŶĐe iŶ all Đases, eitheƌ ݉′ = ͳ oƌ ݊′ = ͳ oƌ ďoth, the pƌopagatioŶ alǁaǇs pƌoduĐes a defiŶite 

ƌesult ǁith Ŷo disjoiŶts. 

ApplǇiŶg ƌule Ϯ: pƌopagatioŶ of eŵptǇ iŶteƌseĐtioŶs: 

َ {଴ݔ } • ,଴ݕ}  ,ଵݕ {ଶݕ َ ,଴ݖ} ,ଵݖ  .ܼ ଴ aŶdݔ ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs aƌe pƌopagated ďetǁeeŶݖ

َ {ଵݔ } • {ଶݕ}  َ {ଶݖ} →  ሺݔଵ ଴ݖ ת =  ∅ሻ  ⋀  ሺݔଵ ଵݖ ת =  ∅ሻ 

َ {ଶݔ } • {ଶݕ}  َ {ଶݖ} →  ሺݔଶ ଴ݖ ת =  ∅ሻ  ⋀  ሺݔଶ ଵݖ ת =  ∅ሻ 

WhiĐh ƌesults iŶ iŶteƌseĐtioŶ ŵatƌiǆ as iŶ Fig.ϭϲ ;fͿ aŶd as ǀisualized iŶ Fig.ϭϲ ;ĐͿ. 

 z0 z1 z2 

y0 1 1 1 

y1 0 0 1 

y2 0 0 1 

 z0 z1 z2 

x0 1 1 1 

x1 0 0 1 

x2 0 0 1 

 y0 y1 y2 

x0 1 1 1 

x1 0 0 1 

x2 0 0 1 

 
 ଶݕ 

 ଴ݕ ଴ݔ
 ଶݔ 

 ଴ݕ ଴ݔ
 

y1 
 ଶݕ 

 ଴ݕ ଴ݔ ଶݖ
 

 ଶݔ ଶݖ               

(a) (b) (c) 

(d) (e) (f) 

 ଵݖ ଵݕ ଵݔ

 ଵݕ

 ଵݖ
 ଵݔ

Fig.16 (a)(b) Decomposition of R(x,y) and R(y,z) with intersection matrices (d) and (e) 

(c) the result decomposition between x and z, (f) intersection matrix of the result 
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2. If ሺ݉′ > ͳ ר  ݊′ > ͳሻ theŶ the ƌesultiŶg ĐoŵpositioŶ taďles aƌe a set of ŶoŶ-defiŶite ƌela-

tioŶs, as foƌ at least oŶe ĐoŵpoŶeŶt of oďjeĐt ݕ Ŷo defiŶite iŶteƌseĐtioŶs aƌe pƌopagated. 

These aƌe iŶdiĐated iŶ the ƌesultiŶg ŵatƌiǆ ǁith laďels that ƌepƌeseŶt the disjoiŶt.  

3. If ሺ݉′ = ר ݉ ݊′ = ݊ሻ , ǁhiĐh ŵakes it aŶ eǆpƌessioŶ of the seĐoŶd ĐoŶstƌaiŶt as ǁe get: ܺ ُ ′ݕ  َ ܼ , ǁhiĐh ŵeaŶs ݕ′ ĐaŶ pƌoǀide Ŷo distiŶĐtioŶ foƌ pƌopagatioŶ of ŶoŶ-eŵptǇ 

sets. This ŵeaŶs eǀeƌǇ eleŵeŶt of ݔ ĐaŶ iŶteƌseĐt ǁith aŶǇ eleŵeŶt of ݖ aŶd ǀiĐe ǀeƌsa, aŶd 

theƌefoƌe Ŷo eŵptǇ iŶteƌseĐtioŶs ĐaŶ ďe pƌopagated. 

4. If ሺ݉′ = ͳ ר ݊′ = ͳ ר ′ݔ = {଴ݔ} ר ′ݖ =  aŶd z͛ aƌe the iŶfiŶite ′ݔ ሻ, iŶ otheƌ ǁoƌds{଴ݖ}

ĐoŵpoŶeŶts, ǁhiĐh ŵakes the ƌule aŶd eǆpƌessioŶ of the fiƌst ĐoŶstƌaiŶt, aŶd Ŷo pƌopaga-

tioŶ of ƌelatioŶs ǁill take plaĐe. 

5. If all iŶteƌseĐtioŶs of the ĐoŵŵoŶ oďjeĐt ĐoŵpoŶeŶts aƌe of tǇpe ϯ oƌ ϰ, theŶ the ƌesultiŶg 

ĐoŵpositioŶ is a disjoiŶt of all possiďle ƌelatioŶ ;uŶiǀeƌsal ƌelatioŶͿ. AŶ eǆaŵple is illus-

tƌated iŶ test Đase # ϴ. 

 

The following examples demonstrates how constraints are propagated based on rule 1 and rule 2. 

  

Example1 

Given the following relations between simple convex with boundaries, their corresponding inter-

section matrix indicates intersections between the elements of different objects, 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 y0 y1 y2 

x0 ϭ Ϭ Ϭ 

x1 ϭ Ϭ Ϭ 

x2 ϭ ϭ ϭ 

 z0 z1 z2 

y0 ϭ ϭ ϭ 

y1 ϭ ϭ Ϭ 

y2 ϭ Ϭ Ϭ 

 ଴ݕ ଴ݔ
 

 ଴ݕ ଴ݔ
 

 

 ଶݔ 
 ଶݖ ଶݕ ଶݕ

 ଵݕ ଵݖ ଵݔ
 ଵݕ

Fig.17 (a)(b) Decomposition of R(x,y) and R(y,z) with intersection matrices (d) and (e) 

(a) (b) 

(c) (d) 
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In order to apply the rules, we consider the common object ݕ and propagate non-empty 

intersections accordingly depending on ݉′ and ݊′ for every ݕ′ as follows: 

Propagation of non-empty relations (Rule 1): 

• IŶteƌseĐtioŶs of ݕ଴: ;݉′ =  ͵, ݊′ =  ͵Ϳ { ݔ଴, ,ଵݔ {ଶݔ ُ ଴ݕ ⋀ ଴ݕ  َ ,଴ݖ} ,ଵݖ {ଶݖ →  ܺ ת  ܼ ≠  ∅  

IŶ this Đase ݉′ =  ݉ aŶd ݊′ =  ݊, ǁhiĐh ŵeaŶs as peƌ Đase Ϯ, ݕ′ ĐaŶ pƌoǀide Ŷo distiŶĐtioŶ foƌ 

the pƌopagatioŶ of ŶoŶ-eŵptǇ ƌelatioŶs. Moƌeoǀeƌ, as eǀeƌǇ eleŵeŶt fƌoŵ eaĐh oďjeĐt has aŶ 

iŶteƌseĐtioŶ ǁith eǀeƌǇ eleŵeŶt fƌoŵ the otheƌ oďjeĐt, Ŷo eŵptǇ iŶteƌseĐtioŶ aƌe goiŶg to ďe 

pƌopagatioŶ as ǁell. 

• IŶteƌseĐtioŶs of ݕଵ: ;݉′ =  ͳ, ݊′ =  ʹͿ { ݔଶ} ُ ଵݕ ⋀ ଵݕ  َ ,଴ݖ} {ଵݖ →  ሺݔଶ ת ଴ݖ  ≠  ∅ሻ  ⋀  ሺݔଶ ଵݖ ת ≠  ∅ሻ  
• IŶteƌseĐtioŶs of ݕଶ: ;݉′ =  ͳ, ݊′ =  ͳͿ { ݔଶ} ُ ଶݕ ⋀ ଶݕ  َ {଴ݖ} →   ሺݔଶ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔଶ ଵݖ ת ≠  ∅ሻ ⋀  ሺݔଶ ଶݖ ת ≠  ∅ሻ  

Theƌefoƌe, theƌe aƌe Ŷo iŶdefiŶite iŶteƌseĐtioŶ of ŶoŶ-eŵptǇ ƌelatioŶs, as theƌe aƌe Ŷo disjoiŶts 

ďetǁeeŶ the ƌelatioŶs pƌopagated. 

PƌopagatioŶ of eŵptǇ iŶteƌseĐtioŶs ;‘ule ϮͿ: 

َ {଴ݔ } • {଴ݕ}  َ ,଴ݖ} ,ଵݖ  .ܼ , ଴ݔ ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs aƌe pƌopagated ďetǁeeŶݖ

َ {ଵݔ } • {଴ݕ}  َ ,଴ݖ} ,ଵݖ  .ܼ , ଵݔ ଶ}   – Ŷo eŵptǇ iŶteƌseĐtioŶs aƌe pƌopagated ďetǁeeŶݖ

َ {ଶݔ } • ,଴ݕ}  ,ଵݕ {ଶݕ َ ,଴ݖ} ,ଵݖ  .ܼ , ଶݔ ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs aƌe pƌopagated ďetǁeeŶݖ

 

The resulting matrix provides distinction only on 3 intersection points, namely between ሺݔ଴, ,଴ሻݖ ሺݔଶ, ,଴ሻݖ ሺݔଶ,  ଵሻ. No distinction can be provided for the remaining intersections andݖ

theƌefoƌe, aŶǇ ĐoŵďiŶatioŶs aƌe ǀalid ;eǆĐept haǀiŶg all Ϭ͛s at any given row or any given column, 

as this contradicts with the second constraint). This means the resulting matrix consists of roughly 

26 combinations. In this case, it is useful to have a predefined set of composition tables 

representing various possible combination results between given objects. The composition table 

for the combinations of this example is shown in Table.1.  

   z0 z1 z2 

x0 ϭ ? ? 

x1 ? ? ? 

x2 ϭ ϭ ? 

Fig.18 resulting intersection matrix between objects in Fig.17  
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Eǆaŵple Ϯ: 
 

Moƌe Đoŵpleǆ shapes ǁith additioŶal ĐoŵpoŶeŶts foƌ spatial ƌepƌeseŶtatioŶ aƌe tƌeated iŶ the 

saŵe ŵaŶŶeƌ. The eǆaŵple iŶ Fig.ϭϵ illustƌates the hoǁ ƌeasoŶiŶg ƌules aƌe applied to aŶ 

iŶteƌseĐtioŶ ሺܴሺ௫,௬ሻሻ ďetǁeeŶ a ĐoŶĐaǀe ;oďjeĐt ݔͿ touĐhiŶg a doŶut shape ;oďjeĐt ݕͿ, aŶd aŶ 

iŶteƌseĐtioŶ ሺܴሺ௬,௭ሻሻ ďetǁeeŶ a ĐoŶǀeǆ ;oďjeĐt ݖͿ touĐhiŶg the iŶside ďouŶdaƌǇ of the ĐoŵŵoŶ 

doŶut shape. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

PƌopagatioŶ ƌules aƌe Ŷoǁ applied to the ĐoŵpoŶeŶts that aƌe iŶteƌseĐtiŶg thƌough the eleŵeŶts 

of the ĐoŵŵoŶ oďjeĐt ݕ. 

 

 

 

 y0 y1 y2 y3 y4 

x0 1 1 1 0 0 

x1 1 1 0 0 0 

x2 1 0 0 0 0 

x3 1 1 1 1 1 

 z0 z1 z2 

y0 1 0 0 

y1 1 0 0 

y2 1 0 0 

y3 1 1 0 

y4 1 1 1 

 

 

 

 

 ଷݔ 

 ସݕ 

 ଶݔ

 ଴ݕ ଴ݔ
 ଵݕ 

 ଵݔ

 

 

 

 

 

 

 ଶݖ ସݕ         

  ଴ݖ ଴ݕ
 

 ଵݕ
 ଵݖ 

 ଷݕ

(a) (b) 

(c) 

(d) 
Fig 19 (a),(b) topological spatial relationship between complex objects  

(c),(d) intersection matrices of given relations in (a) and (b)  

 ଶݕ ଶݕ
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Fiƌst applǇiŶg ƌule ϭ: pƌopagatiŶg ŶoŶ-eŵptǇ iŶteƌseĐtioŶs: 

• IŶteƌseĐtioŶs of ݕ଴: ;݉′ =  Ͷ, ݊′ =  ͳͿ {  ݔ଴, ,ଵݔ ,ଶݔ {ଷݔ ُ ଴ݕ ⋀ ଴ݕ  َ {଴ݖ} →  ሺݔ଴ ת ଴ݖ  ≠  ∅ሻ  ⋀  ሺݔଵ ଴ݖ ת ≠  ∅ሻ 

 ⋀  ሺݔଶ ת ଴ݖ  ≠  ∅ሻ ⋀  ሺݔଷ ת ଴ݖ  ≠  ∅ሻ 

• IŶteƌseĐtioŶs of  ݕଵ: ;݉′ =  ͵, ݊′ =  ͳͿ { ݔ଴, ,ଵݔ {ଷݔ ُ ଵݕ ⋀ ଵݕ  َ {଴ݖ} →  ሺݔ଴ ת ଴ݖ  ≠  ∅ሻ  ⋀  ሺݔଵ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔଷ ת ଴ݖ  ≠  ∅ሻ 

• IŶteƌseĐtioŶs of  ݕଶ: ;݉′ =  ʹ, ݊′ =  ͳͿ { ݔ଴, {ଷݔ ُ ଶݕ ⋀ ଶݕ  َ {଴ݖ} → ሺݔ଴ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔଷ ଴ݖ ת ≠  ∅ሻ  
• IŶteƌseĐtioŶs of  ݕଷ: ;݉′ =  ͳ, ݊′ =  ʹͿ { ݔଷ} ُ ଷݕ ⋀ ଷݕ  َ ,଴ݖ} {ଵݖ →  ሺݖ଴ ଷݔ ת ≠ ଵݖ  ⋀  ∅  ଷݔ ת ≠  ∅ሻ  
• IŶteƌseĐtioŶs of Ǉϰ: ;݉′ =  ͳ, ݊′ =  ͵Ϳ { ݔଷ} ُ ସݕ ⋀ ସݕ  َ ,଴ݖ} ,ଵݖ {ଶݖ →  ሺݖ଴ ଷݔ ת ≠  ∅ሻ ⋀  ሺݖଵ ଷݔ ת ≠  ∅ሻ ⋀ ሺ ݖଶ ଷݔ ת ≠  ∅ሻ 

 

Noǁ applǇiŶg ƌule Ϯ foƌ the pƌopagatioŶ of eŵptǇ iŶteƌseĐtioŶs: 

َ {଴ݔ } • ,଴ݕ}  ,ଵݕ {ଶݕ َ → {଴ݖ}  ሺݔ଴ ଵݖ ת =  ∅ሻ  ⋀  ሺݔ଴ ଶݖ ת =  ∅ሻ 

َ {ଵݔ } • ,଴ݕ}  {ଵݕ َ {଴ݖ} →  ሺݔଵ ଵݖ ת =  ∅ሻ  ⋀  ሺݔଵ ଶݖ ת =  ∅ሻ 

َ {ଶݔ } • {଴ݕ}  َ {଴ݖ} →  ሺݔଶ ଵݖ ת =  ∅ሻ  ⋀  ሺݔଶ ଶݖ ת =  ∅ሻ 

َ {ଷݔ } • ,଴ݕ}  ,ଵݕ ,ଶݕ ,ଷݕ {ସݕ َ ,଴ݖ} ,ଵݖ  .ܼ ଷ aŶdݔ ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs aƌe pƌopagated ďetǁeeŶݖ

 

“iŶĐe ݉′ =  ͳ oƌ ݊′ =  ͳ iŶ all the Đases, the ƌesultiŶg ŵatƌiǆ ƌepƌeseŶtiŶg this ƌelatioŶ ;ܴሺ௫,௭ሻͿ is a 
defiŶite outĐoŵe as shoǁŶ iŶ the folloǁiŶg Fig.ϮϬ aŶd its ĐoƌƌespoŶdiŶg iŶteƌseĐtioŶ ŵatƌiǆ. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 z0 z1 z2 

x0 1 0 0 

x1 1 0 0 

x2 1 0 0 

x3 1 1 1 
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Fig.20 Resulting relation between objects x and z, and corresponding intersection matrix 
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We ĐaŶ ĐoŶĐlude fƌoŵ this eǆaŵple that shape ĐoŵpleǆitǇ iŶ teƌŵs of Ŷuŵďeƌ of eleŵeŶts does 

Ŷot affeĐt the ƌeasoŶiŶg ĐoŵpleǆitǇ, ǁheƌeas the ǀal ues of ݉′ aŶd ݊′ aƌe the keǇ faĐtoƌs. 

Eǆaŵple ϯ: 

IŶ this eǆaŵple, the ǀalues of ݉′ aŶd ݊′ pƌoǀides uŶĐeƌtaiŶ outĐoŵes of the ƌesultiŶg iŶteƌseĐtioŶ 

ŵatƌiǆ. CoŶsideƌ the folloǁiŶg siŵple ƌegioŶs iŶ ܴሺ௫,௬ሻ, aŶd a siŵple ƌegioŶ aŶd a liŶe iŶ ܴሺ௬,௭ሻ as iŶ 

Fig. Ϯϭ. 

 

 

 

 

 

 

 

 

 

 

 

 

BǇ applǇiŶg ƌule ϭ, pƌopagatioŶ of ŶoŶ-eŵptǇ iŶteƌseĐtioŶs ǁe get: 

• IŶteƌseĐtioŶs of ݕ଴:  { ݔ଴} ُ ଴ݕ ⋀ ଴ݕ  َ ,଴ݖ} ,ଵݖ {ଶݖ →  ሺݖ଴ ଴ݔ ת ≠  ∅ሻ  ⋀ ሺ ݖଵ ଴ݔ ת ≠  ∅ሻ  ⋀  ሺ ݖଶ ଴ݔ ת ≠  ∅ሻ 

• IŶteƌseĐtioŶs of ݕଵ: { ݔ଴, {ଵݔ ُ ଵݕ ⋀ ଵݕ  َ ,଴ݖ} {ଶݖ →   ሺݔ଴ ଴ݖ ת ≠ ש ∅  ଴ݔ   ת ଶݖ  ≠  ∅ሻ  

     ⋀  ሺݔଵ ת ଴ݖ  ≠ ש ∅  ଵݔ   ଶݖ ת ≠  ∅ሻ 

     ⋀  ሺݖ଴ ת ଴ݔ  ≠ ש ∅  ଴ݖ   ଵݔ ת ≠  ∅ሻ 

     ⋀  ሺݖଶ ת ଴ݔ  ≠ ש ∅  ଶݖ   ଵݔ ת ≠  ∅ሻ   

• IŶteƌseĐtioŶs of ݕଶ: { ݔ଴, ,ଵݔ {ଶݔ ُ ଶݕ ⋀ ଶݕ  َ ,଴ݖ} {ଶݖ →  ሺݔ଴ ଴ݖ ת ≠ ש ∅  ଴ݔ   ת ଶݖ  ≠  ∅ሻ  

     ⋀  ሺݔଵ ת ଴ݖ  ≠ ש ∅  ଵݔ   ଶݖ ת ≠  ∅ሻ 

     ⋀  ሺݔଶ ଴ݖ ת ≠ ש ∅  ଶݔ   ଶݖ ת ≠  ∅ሻ 

     ⋀  ሺݖ଴ ת  ܺ ≠ ש ∅  ଵݖ   ת  ܺ ≠  ∅ሻ 

PƌopagatioŶ of eŵptǇ iŶteƌseĐtioŶs: 

َ {଴ݔ } • ,଴ݕ}  ,ଵݕ {ଶݕ َ ,଴ݖ} ,ଵݖ  ܼ ଴ aŶdݔ ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs pƌopagated ďetǁeeŶݖ

َ {ଵݔ } • ,ଵݕ}  {ଶݕ َ ,଴ݖ} → {ଶݖ  ሺݔଵ ଵݖ ת =  ∅ሻ 

َ {ଶݔ } • {ଶݕ}  َ ,଴ݖ} → – {ଶݖ  ሺݔଶ ଵݖ ת =  ∅ሻ 

IŶ this Đase ǁheƌe ǁe haǀe a ďoth a distiŶĐtiǀe iŶteƌseĐtioŶ ;like ሺݖ଴ ת ଴ݔ  ≠  ∅ሻ  ⋀  ሺ ݖଶ ଴ݔ ת ≠ ∅ሻ foƌ ݕ଴Ϳ, aŶd aŶ iŶdistiŶĐtiǀe iŶteƌseĐtioŶ ;like  ሺݔ଴ ଴ݖ ת ≠ ש ∅  ଴ݔ   ଶݖ ת ≠  ∅ሻ foƌ ݕଵͿ, ǁheŶ 

 y0 y1 y2 

x0 ϭ ϭ ϭ 

x1 Ϭ ϭ ϭ 

x2 Ϭ 0 ϭ 

 z0 z1 z2 

y0 ϭ ϭ ϭ 

y1 ϭ Ϭ ϭ 

y2 ϭ Ϭ ϭ 
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Fig.21 Object decomposition and intersection matrices of (a) 2 simple regions (b) a region and a line 
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ĐoŵďiŶiŶg the ĐoŶstƌaiŶts the defiŶite ;stƌoŶgeƌͿ iŶteƌseĐtioŶ is seleĐted. The ƌesultiŶg iŶteƌseĐtioŶ 

ŵatƌiǆ iŶdiĐates the disjoiŶts ǁith laďels: 

 

 

 

 

 

 

 

 

 

 

These laďels iŶdiĐate the uŶĐeƌtaiŶtǇ aďout the ƌesult, ǁheƌe aϭ aŶd aϮ ƌepƌeseŶt 

  ሺݔଵ ת ଴ݖ  ≠ ש ∅  ଵݔ   ת ଶݖ  ≠  ∅ሻ, ďϭ aŶd ďϮ ƌepƌeseŶt  ሺݖଶ ଴ݔ ת ≠ ש ∅  ଶݖ   ת ଵݔ  ≠  ∅ሻ. 

The outĐoŵe iŶ this Đase is a all possiďle ĐoŵďiŶatioŶs of the aďoǀe ŵatƌiǆ, ǁhiĐh iŶ this Đase is 

the ŶiŶe ĐoŵďiŶatioŶs as iŶ Fig.ϮϮ: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 z0 z1 z2 

x0 ϭ ϭ ϭ 

x1 aϭ Ϭ a2 

x2 b1 0 b2 

 z0 z1 z2 

x0 ϭ ϭ ϭ 

x1 Ϭ Ϭ 1 

x2 0 0 1 

 z0 z1 z2 

x0 ϭ ϭ ϭ 

x1 ϭ Ϭ 0 

x2 0 0 1 

 z0 z1 z2 

x0 ϭ ϭ ϭ 

x1 ϭ Ϭ 1 

x2 0 0 1 

 z0 z1 z2 

x0 ϭ ϭ ϭ 

x1 Ϭ Ϭ 1 

x2 1 0 0 

 z0 z1 z2 

x0 ϭ ϭ ϭ 

x1 ϭ Ϭ 0 

x2 1 0 0 

 z0 z1 z2 

x0 ϭ ϭ ϭ 

x1 ϭ Ϭ 1 

x2 1 0 0 

 z0 z1 z2 

x0 ϭ ϭ ϭ 

x1 Ϭ Ϭ 1 

x2 1 0 1 

 z0 z1 z2 

x0 ϭ ϭ ϭ 

x1 ϭ Ϭ 0 

x2 1 0 1 

 z0 z1 z2 

x0 ϭ ϭ ϭ 

x1 ϭ Ϭ 1 

x2 1 0 1 

Fig.23 All possible combinations of relations representing ܴሺ௫,௭ሻ  

Fig.22 resulting intersection matrix representing ܴሺ௫,௭ሻ  
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PƌaĐtiĐallǇ, suĐh ĐoŵďiŶatioŶs ƌepƌeseŶtiŶg ǀalid ƌelatioŶs aƌe pƌedefiŶed aŶd ƌefeƌeŶĐed to 

iŶdiĐate a ŵeaŶiŶgful outĐoŵe. Tǁo sets of ĐoŵpositioŶ taďles aƌe eǆploƌed ǁith additioŶal 

eǆaŵples iŶ Đhapteƌ ϱ. 
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Chapteƌ ϯ Q“‘ iŶ pƌaĐtiĐe 
 

The foĐus of this papeƌ is stƌiĐtlǇ ƌelated to topologiĐal ƌepƌeseŶtatioŶ aŶd ƌeasoŶiŶg aďout oďjeĐt 

iŶ spaĐe ǁithout ĐoŶsideƌiŶg otheƌ spatial aspeĐts like oƌieŶtatioŶ. This ŵeaŶs the pƌoposed ŵodel 

ŵust ďe ĐoŵpleŵeŶted ǁith ŵeĐhaŶisŵs of otheƌ Ƌualitatiǀe spatial aspeĐts iŶ oƌdeƌ to ďe 

iŵpleŵeŶted iŶ useful appliĐatioŶs like ƌoďotiĐ ŶaǀigatioŶ. This seĐtioŶ ďƌieflǇ Đoǀeƌs the ideal 

sǇsteŵ desigŶ aŶd aƌĐhiteĐtuƌe iŶ the ĐoŶteǆt of ƌoďotiĐ ŶaǀigatioŶ as oŶe of the ŵaiŶ Đategoƌies 

foƌ Q“‘ appliĐatioŶs. 

;Wolteƌ & Wallgƌ¨uŶ, ϮϬϭϮͿ iŶdiĐated the ĐhalleŶges of adoptiŶg Q“‘ iŶto ǀaƌious appliĐatioŶs, 

despite the poteŶtiallǇ useful Ƌualitatiǀe ƌepƌeseŶtatioŶs aŶd ƌelatioŶs geŶeƌated ďǇ Q“‘ 

teĐhŶiƋues. The ƌeasoŶ ďeiŶg that softǁaƌe tools ǁheƌe Ŷot aďle to fullǇ adopt oƌ utilize Q“‘ 

appƌoaĐhes ǁhiĐh aƌe ŵostlǇ ĐoŶstƌaiŶt-ďased. CoŵpositioŶ taďles geŶeƌated fƌoŵ the ƌeasoŶiŶg 

pƌoĐess Theƌefoƌe, a ŵoƌe thoƌoughlǇ adeƋuate ƌeasoŶiŶg stƌuĐtuƌes aƌe ƌeƋuiƌed.  

OŶe ǁaǇ is to tƌaŶslate ǀaƌious ĐoŵpositioŶ taďles iŶto gƌaphiĐal ƌepƌeseŶtatioŶs that ǁill pƌoǀide 

ƌelatiǀe ƌefeƌeŶĐes to oďjeĐts. The ŵoƌe defiŶite ƌelatioŶs fouŶd, the ŵoƌe ƌoďust the gƌaph ǁill 

ďeĐoŵe. 

 

ϯ.Ϯ UtiliziŶg QSR iŶto appliĐatioŶs 

  
Q“‘ ŵodels aƌe ďased oŶ pƌoǀidiŶg iŶfoƌŵatioŶ aďout the ƌelatioŶ ďetǁeeŶ tǁo oďjeĐts iŶ theiƌ 

oǁŶ spaĐe, ƌelatiǀe to a ĐoŵŵoŶ oďjeĐt. The outĐoŵe of the ƌeasoŶiŶg pƌoĐess is iŶ a foƌŵ of 

ĐoŵpositioŶ taďles that Ŷeeds to soŵehoǁ ďe eŵďedded aŶd utilized ďǇ otheƌ appliĐatioŶs foƌ a 

ŵeaŶiŶgful ƌepƌeseŶtatioŶ aŶd ĐoŶseƋueŶtlǇ, pƌoǀide useful iŶfoƌŵatioŶ. IŶ the ĐoŶteǆt of ƌoďotiĐ 

ŶaǀigatioŶ, it is esseŶtial foƌ the ƌoďot to ideŶtifǇ its oǁŶ loĐatioŶ ǁithiŶ its spatial ƌepƌeseŶtatioŶ 

of the eŶǀiƌoŶŵeŶt ďǇ oďseƌǀiŶg loĐatioŶs iŶ the spaĐe. IŶ oŶe appƌoaĐh of ƌoďot self-loĐalizatioŶ, 

oďjeĐts iŶ the eŶǀiƌoŶŵeŶt Ŷeeds to ďe liŶked to ǁhat the ƌoďot is peƌĐeiǀiŶg ǁith the oďjeĐts 

spatial ƌepƌeseŶtatioŶ ;the ŵapͿ, aŶd ďased oŶ its spatial ƌelatioŶ ǁith these oďjeĐts, the loĐatioŶ 

is defiŶed ;Wolteƌ & Wallgƌ¨uŶ, ϮϬϭϮͿ. MappiŶg this aŶalogǇ ǁith ouƌ Q“‘ ŵodel, if ĐoƌƌeĐt 

ĐoŵpositioŶ taďles aƌe geŶeƌated that defiŶes the ƌelatioŶ ďetǁeeŶ the oďjeĐts oďseƌǀed aŶd the 

spatial ƌepƌeseŶtatioŶ of oďjeĐts, the ƌoďot ǁill ďe aďle to loĐate itself iŶ that eŶǀiƌoŶŵeŶt. 

‘oďot self-loĐalizatioŶ ĐoŶtƌiďutes iŶto ŵap leaƌŶiŶg heaǀilǇ as the loĐatioŶ of Ŷeǁ oďjeĐts is 

ƌegisteƌed ǁith ƌespeĐt to oďjeĐts alƌeadǇ ideŶtified.   
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Chapteƌ ϰ Model iŵpleŵeŶtatioŶ 
 

IŶ this seĐtioŶ, the pƌoposed ŵodel to applǇ the ƌeasoŶiŶg ƌules aŶd pƌopagate iŶteƌseĐtioŶs is 

desĐƌiďed iŶ detail. It Đoǀeƌs the ďasiĐ featuƌes of the ŵodel, iŶputs aŶd outputs, aŶd theŶ ŵaps 

the ƌeasoŶiŶg eŶgiŶe ǁith the geŶeƌal ĐoŶstƌaiŶts aŶd pƌopagatioŶ ƌules.  

The ƌeasoŶiŶg eŶgiŶe is ǁƌitteŶ iŶ pǇthoŶ ϯ.ϳ, aŶd ŵostlǇ utilizes the default aŶd eǆistiŶg liďƌaƌies 

aŶd distƌiďuted paĐkages that Đoŵe ǁith it. Due to tiŵe liŵitatioŶs, the ŵodel shall ďe ƌuŶŶiŶg oŶ 

a ďasiĐ iŶteƌfaĐe iŶ .ipǇŶď Ŷoteďook foƌŵat, that ĐaŶ ƌuŶ oŶ JupǇteƌ Ŷoteďook opeŶ-souƌĐe ǁeď 

appliĐatioŶ oƌ siŵilaƌ platfoƌŵs like Google Colaď. The pƌogƌaŵ is diǀided iŶto ǀaƌious paƌts, of 

ǁhiĐh eaĐh peƌfoƌŵs a dediĐated task. The ƌeasoŶiŶg eŶgiŶe doesŶ͛t ƌeƋuiƌe aŶǇ high-peƌfoƌŵaŶĐe 

ĐoŵputiŶg haƌdǁaƌe, aŶd eǆeĐutioŶ tiŵe is alŵost Ŷegligiďle. 

EaĐh paƌt of the pƌogƌaŵ is pƌesided ǁith a detailed desĐƌiptioŶ of ǁhat the task it peƌfoƌŵs, aŶd 

iŶputs aŶd outputs. This giǀes the useƌ a ďetteƌ uŶdeƌstaŶdiŶg oŶ hoǁ the ŵodel ƌuŶs, aŶd ŵakes 

it easieƌ to ƌe-iŶteƌ iŶputs if theƌe ǁaƌe aŶǇ ŵistakes. 

 

PƌeƌeƋuisites: 

• PǇthoŶ ϯ.ϳ oƌ higheƌ 

• JopǇteƌ Ŷoteďook oƌ siŵilaƌ  

• CopǇ aŶd iteƌtools liďƌaƌǇ paĐkages. 

• NuŵpǇ liďƌaƌǇ paĐkage foƌ aƌƌaǇ ŵaŶipulatioŶ 

 

ϰ.ϭ BasiĐ ŵodel featuƌes 

 

The ŵodel s͛ ŵaiŶ aiŵ is to Đaptuƌe the tǁo ƌelatioŶ ŵatƌiĐes ďetǁeeŶ tǁo oďjeĐts: ݕ & ݔ, aŶd ݖ & ݕ ƌespeĐtiǀelǇ, aŶd theŶ applǇ the ƌeasoŶiŶg ƌules to geŶeƌate the ƌesultiŶg ƌelatioŶ ŵatƌiǆ 

ďetǁeeŶ ݔ aŶd ݖ. The useƌ should ďe aǁaƌe of the deĐoŵpositioŶ of eleŵeŶts foƌ eaĐh of the 

oďjeĐts aŶd pƌoǀide ƌelatioŶ ŵatƌiĐes foƌ the ƌeasoŶiŶg eŶgiŶe to eǆeĐute pƌopeƌlǇ. “oŵe pƌe-

defiŶed ƌelatioŶ ŵatƌiĐes ďetǁeeŶ siŵple ĐoŶǀeǆ shapes, aŶd ďetǁeeŶ a ĐoŶǀeǆ aŶd a liŶe aƌe 

illustƌated at the appeŶdiǆ foƌ test sĐeŶaƌios iŶ the Ŷeǆt sessioŶ aŶd ŵaǇ also ďe used to ǀeƌifǇ the 

fuŶĐtioŶalitǇ of the ŵodel. 
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IŶputs aŶd outputs: 

OŶĐe eǆeĐuted, the ǀeƌǇ fiƌst paƌt of the ŵodel ƌeƋuests the useƌ to pƌoǀide the Ŷuŵďeƌ of 

eleŵeŶts foƌ oďjeĐts ݕ ,ݔ aŶd ݖ. This ĐouŶt pƌoǀides the size of adjaĐeŶĐǇ ŵatƌiĐes foƌ eaĐh of the 

oďjeĐts, aŶd ĐoŶseĐutiǀelǇ the size of the ƌelatioŶ ŵatƌiĐes foƌ  ܴሺ௫,௬ሻ,  ܴሺ௬,௭ሻ aŶd the ƌesultiŶg 

ŵatƌiǆ  ܴሺ௫,௭ሻ. 

 

The Ŷeǆt step is to Đaptuƌe the adjaĐeŶĐǇ ŵatƌiǆ of eaĐh oďjeĐt. This is doŶe ďǇ ƌeƋuestiŶg iŶput to 

ďe ŵade eleŵeŶt ďǇ eleŵeŶt. OŶĐe Đoŵpleted, the Đollapse ǀeƌsioŶ of the adjaĐeŶĐǇ ŵatƌiǆ is 

pƌiŶted. The saŵe ĐoŶĐept is ƌepeated foƌ oďjeĐts ݕ aŶd ݖ. Fig.Ϯϰ is a ƌepƌeseŶtatioŶ of the 

folloǁiŶg eŶtƌǇ. 

  

 

 

The Ŷeǆt step ǁould ďe ĐaptuƌiŶg the ƌelatioŶ ŵatƌiĐes of  ܴሺ௫,௬ሻ aŶd  ܴሺ௬,௭ሻ, iŶ the saŵe ŵaŶŶeƌ. 

This iŶput iŶteƌfaĐe is Ŷot ideal as ŵaǇ ďe pƌoŶe to ŵakiŶg ŵistakes at aŶǇ poiŶt aŶd ĐoƌƌeĐtioŶ 

ŵaǇ ďe ƌeƋuiƌed. “uĐh issues ƌelated to iŶput iŶteƌfaĐe aŶd ƌeĐoŵŵeŶdatioŶs aƌe goiŶg to ďe 

addƌessed at the eŶd of this seĐtioŶ. Foƌ Ŷoǁ, a ĐoŶsideƌatioŶ to ŵiŶiŵize eƌƌoƌs aŶd suppoƌt to 

ĐoƌƌeĐt ŵistakes is ďǇ ƌuŶŶiŶg the Đode iŶ paƌts utiliziŶg JupǇteƌ Ŷoteďook aŶd ƌe-ƌuŶŶiŶg aŶǇ paƌt 

that ƌeƋuiƌes ĐoƌƌeĐtioŶs.  This step ĐaŶ ďe skipped aŶd the iŶteƌseĐtioŶ ŵatƌiĐes foƌ  ܴሺ௫,௬ሻ aŶd  ܴሺ௬,௭ሻ ĐaŶ ďe iŶseƌted diƌeĐtlǇ if Ŷeeded. The ŵodel͛s fuŶĐtioŶalitǇ is goiŶg to ďe tested usiŶg 

ĐoŵpositioŶ taďles ďased oŶ ‘CC-ϴ, as ǁell as ƌegioŶ & liŶe ƌelatioŶs. The ĐoƌƌespoŶdiŶg 

iŶteƌseĐtioŶ taďles aƌe pƌe-stoƌed aŶd addƌessed duƌiŶg testiŶg phase ǁheŶeǀeƌ Ŷeeded. 

x0    
 

1 x1   
 

0 1 x2  
 

1 0 1 x3 
 

1 0 1 1 x4 

Fig. 24 a representation of adjacency matrix for object x 
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ϰ.Ϯ ReasoŶiŶg eŶgiŶe iŵpleŵeŶtatioŶ 

 

OŶĐe iŶput is Đaptuƌed aŶd stoƌed iŶ theiƌ ƌespeĐtiǀe ŵatƌiĐes, the ƌeasoŶiŶg eŶgiŶe staƌts 

pƌopagatiŶg ŶoŶ-eŵptǇ ƌelatioŶs, folloǁed ďǇ pƌopagatiŶg eŵptǇ ƌelatioŶs. At this poiŶt, ǁe the 

folloǁiŶg ϮD aƌƌaǇs ;ŵatƌiĐesͿ:  ܴ௫௬: ƌepƌeseŶtiŶg  ܴሺ௫,௬ሻ  ܴ௬௭: ƌepƌeseŶtiŶg  ܴሺ௬,௭ሻ  ܴ௫௭: ƌepƌeseŶtiŶg the ƌesult ŵatƌiǆ  ܴሺ௫,௭ሻ 

The size of  ܴ௫௭ ǁill ďe Ŷuŵďeƌ of ƌoǁs of  ܴ௫௬ ŵultiplied ďǇ the Ŷuŵďeƌ of ĐoluŵŶs of  ܴ௬௭. 

We ĐaŶ applǇ the fiƌst ĐoŶstƌaiŶt siŵplǇ ďǇ assigŶiŶg the iŶteƌseĐtioŶ ďetǁeeŶ  ݔ଴ aŶd  ݖ଴ to ϭ, i.e. 

 

The ŵodel ĐheĐks the ǀalue of ŵ͛ aŶd Ŷ͛ foƌ eaĐh iteƌatioŶ iŶ oƌdeƌ to folloǁ the ĐoƌƌeĐt 

ĐlassifiĐatioŶ foƌ the ĐoŵpositioŶ of ƌelatioŶs. This step is ǀeƌǇ iŵpoƌtaŶt as it pƌoǀides the ŵaiŶ 

iŶdiĐatioŶ foƌ the ŵodel to folloǁ aŶd hoǁ eleŵeŶts aƌe ĐheĐked aŶd pƌopagated. The ǀalues of ݉′ aŶd ݊′  peƌ iteƌatioŶ is ƌealized ďǇ ĐouŶtiŶg the Ŷuŵďeƌ of ϭ͛s peƌ ĐoluŵŶ iŶ  ܴ௫௬, aŶd peƌ ƌoǁ 

iŶ  ܴ௬௭ ƌespeĐtiǀelǇ.  

If ݉′ = ͳ ;# of ϭ͛s peƌ ĐoluŵŶ of  ܴ௫௬ = 

ϭͿ, ǁe siŵplǇ pƌopagate ŶoŶ-eŵptǇ 

iŶteƌseĐtioŶs of ǆ oǀeƌ z eleŵeŶts. This 

is doŶe ďǇ ĐheĐkiŶg the positioŶ of 

ǁhiĐh  ܴ௫௬ = ϭ ;ǁhiĐh eleŵeŶt of ݔ is 

ϭͿ, iŶ oƌdeƌ to pƌopagate ݔ′ ת ′ݖ ≠  ∅. 

This ݔ is theŶ pƌopagated oǀeƌ all ݖ s͛ of  ܴ௬௭. 

 

Otheƌǁise if ݉′ ≠ ͳ, ǁe ĐheĐk if ݊′ = ͳ 

;# of ϭ͛s peƌ ƌoǁ of  ܴ௬௭ = ϭͿ. If so, ǁe 

pƌopagate ŶoŶ-eŵptǇ iŶteƌseĐtioŶ of ݖ 

oǀeƌ ݔ eleŵeŶts. “iŵilaƌlǇ, this is doŶe 

ďǇ ĐheĐkiŶg the positioŶ of ǁhiĐh  ܴ௬௭ = 

ϭ ;ǁhiĐh eleŵeŶt of ݖ is ϭͿ, iŶ oƌdeƌ to 

pƌopagate ݖ′ ת ′ݔ ≠  ∅. 
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AŶǇ iteƌatioŶ ƌefeƌƌed to heƌe is ƌepeated ݈ tiŵes, ǁhiĐh is Ŷuŵďeƌ of eleŵeŶts of the ĐoŵŵoŶ 

oďjeĐt ݕ. The folloǁiŶg eǆaŵple pƌoǀides a ďetteƌ uŶdeƌstaŶdiŶg of hoǁ the pƌopagatioŶ is doŶe. 

CoŶsideƌ the iŶteƌseĐtioŶ ŵatƌiĐes as iŶ Fig.Ϯϱ. The pƌogƌaŵ shall look at  ܴ௫௬ iŶteƌseĐtioŶ taďle 

ĐoluŵŶ ďǇ ĐoluŵŶ aŶd ĐouŶt the Ŷuŵďeƌ of ϭ͛s. IŶ this Đase, the Ŷuŵďeƌ of ϭ s͛ iŶ ĐoluŵŶ  ݕ଴ is 

ŵoƌe thaŶ ϭ ;i.e. ݉′ > ͳͿ, theƌefoƌe it shall ŵoǀe to  ܴ௬௭ aŶd ĐouŶt Ŷuŵďeƌ of ϭ͛s iŶ ƌoǁ  ݕ଴, 

ǁhiĐh is ϭ ;i.e. ݊′ = ͳͿ. It shall theŶ fiŶd ǁhiĐh ݖ is to ďe pƌopagated, aŶd iŶ this Đase is  ݖ଴, the 

iŶdeǆ of this Đell is theŶ Đaptuƌed to applǇ the pƌopagatioŶ of iŶteƌseĐtioŶs oǀeƌ ݔ. Theƌefoƌe, it 

shall applǇ the pƌopagatioŶ of ŶoŶ-eŵptǇ iŶteƌseĐtioŶs foƌ  ݕ଴: { ݔ଴, ,ଵݔ ,ଶݔ {ଷݔ ُ ଴ݕ ⋀ ଴ݕ  َ  {଴ݖ}

  →  ሺݔ଴ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔଵ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔଶ ଴ݖ ת ≠  ∅ሻ  ⋀ ሺݔଷ ଴ݖ ת ≠  ∅ሻ 

 

This pƌopagatioŶ is highlighted iŶ ďlue iŶ Fig.Ϯϲ. The saŵe pƌiŶĐiple applies to the ƌeŵaiŶiŶg 

iteƌatioŶs aŶd ǀalues of ݉′ aŶd ݊′ aƌe ĐheĐked peƌ iteƌatioŶ. 

 

 

 

R(x,y) y0 y1 y2 y3 y4 

x0 1 1 1 0 0 

x1 1 0 0 0 0 

x2 1 0 0 0 0 

x4 1 1 1 1 1 

R(y,z) z0 z1 z2 

y0 1 0 0 

y1 1 0 0 

y2 1 0 0 

y3 1 0 0 

y4 1 1 1 

Fig.25 Intersection matrices of relations  ܴ௫௬ &  ܴ௬௭  

Fig.26 Representation of the intersection matrices of relations  ܴ௫௬ &  ܴ௬௭  
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This pƌoĐess ǁill ĐoŶtiŶue foƌ the ƌeŵaiŶiŶg Ŷuŵďeƌ of ݕ ĐoŵpoŶeŶts as folloǁs: 

• IŶteƌseĐtioŶs of ݕଵ ;Fig.Ϯϲ highlighted iŶ oƌaŶgeͿ: { ݔ଴, {ଷݔ ُ ଵݕ ⋀ ଵݕ  َ {଴ݖ} →  ሺݔ଴ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔଷ ଴ݖ ת ≠  ∅ሻ 

• IŶteƌseĐtioŶs of ݕଶ ;;Fig.Ϯϲ highlighted iŶ gƌeeŶͿ: { ݔ଴, {ଷݔ ُ ଶݕ ⋀ ଶݕ  َ {଴ݖ} →  ሺݔ଴ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔଷ ଴ݖ ת ≠  ∅ሻ 

• IŶteƌseĐtioŶs of ݕଷ ;;Fig.Ϯϲ highlighted iŶ puƌpleͿ: { ݔଷ} ُ ଷݕ ⋀ ଷݕ  َ {଴ݖ} →  ሺݔଷ ଴ݖ ת ≠  ∅ሻ 

• IŶteƌseĐtioŶs of  ݕସ ;;Fig.Ϯϲ highlighted iŶ ƌedͿ: { ݔଷ} ُ ସݕ ⋀ ସݕ  َ ,଴ݖ} ,ଵݖ {ଶݖ →  ሺݔଷ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔଷ ଵݖ ת ≠  ∅ሻ ⋀  ሺݔଷ ଶݖ ת ≠  ∅ሻ 

 

Note that ǁe do Ŷot haǀe aŶǇ disjoiŶts iŶ the aďoǀe ƌelatioŶs, ǁhiĐh ŵeaŶs that ǁe haǀe a defiŶite 

ƌesultiŶg iŶteƌseĐtioŶ ŵatƌiǆ ƌepƌeseŶtiŶg a siŶgle ƌelatioŶ ďetǁeeŶ oďjeĐts ݔ aŶd ݖ. This ĐoŶĐludes 

ƌule ϭ ;pƌopagatioŶ of ŶoŶ-eŵptǇ ƌelatioŶsͿ, hoǁeǀeƌ, the ƌesultiŶg iŶteƌseĐtioŶ ŵatƌiǆ is Ŷot 

Đoŵplete as ǁe ŵust applǇ ƌule Ϯ ;pƌopagatioŶ of eŵptǇ ƌelatioŶsͿ. 
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IŶ oƌdeƌ to pƌopagate eŵptǇ iŶteƌseĐtioŶs, ǁe ŵust fiŶd the positioŶs of ǁhiĐh the ƌelatioŶ  ܴ௫௬ = 

ϭ, aŶd take the ĐoŵpleŵeŶt of  ܴ௬௭ foƌ eǀeƌǇ 

iteƌatioŶ of ݕ. 

To do that, ǁe haǀe iŶtƌoduĐed aŶ iŶdiĐatoƌ 

aƌƌaǇ ;assistaŶt[]Ϳ of Ϭ s͛, of size eƋuals to 

Ŷuŵďeƌ of eleŵeŶts peƌ ƌoǁ iŶ  ܴ௬௭ ;Ŷuŵďeƌ of 

ĐoŵpoŶeŶts of oďjeĐt ݖͿ. The ǀalue of this aƌƌaǇ 

peƌ iteƌatioŶ ĐhaŶges to ϭ, if foƌ that paƌtiĐulaƌ 

iteƌatioŶ ďoth  ܴ௫௬ aŶd  ܴ௬௭ aƌe ϭ. This 

ŵaiŶtaiŶs the defiŶite aŶd iŶdefiŶite 

iŶteƌseĐtioŶs geŶeƌated ďǇ the pƌeǀious step of 

pƌopagatiŶg ŶoŶ-eŵptǇ iŶteƌseĐtioŶs. 

At the eŶd of this pƌoĐess, the iŶdeǆ of the 

assistaŶt aƌƌaǇ holds the positioŶ of ǁhiĐh the 

ǀalues of the ƌesultiŶg iŶteƌseĐtioŶ ŵatƌiǆ  ܴ௫௭ 

shall ďe ĐhaŶged to Ϭ oƌ Ŷot. 

GoiŶg ďaĐk to the pƌeǀious eǆaŵple iŶ Fig.Ϯϲ, 

foƌ the pƌopagatioŶ of eŵptǇ iŶteƌseĐtioŶs ;ƌule 

ϮͿ: 

َ {଴ݔ } • ,଴ݕ}  ,ଵݕ {ଶݕ َ {଴ݖ} →  ሺݔ଴ ת ଵݖ  =  ∅ሻ  ⋀  ሺݔ଴ ଶݖ ת =  ∅ሻ 

َ {ଵݔ } • {଴ݕ}  َ {଴ݖ} →  ሺݔ଴ ଵݖ ת =  ∅ሻ  ⋀  ሺݔ଴ ଶݖ ת =  ∅ሻ 

َ {ଶݔ } • {଴ݕ}  َ {଴ݖ} →  ሺݔ଴ ଵݖ ת =  ∅ሻ  ⋀  ሺݔ଴ ଶݖ ת =  ∅ሻ 

َ {ଷݔ } • ,଴ݕ}  ,ଵݕ ,ଶݕ ,ଷݕ {ସݕ َ ,଴ݖ} ,ଵݖ  {ଶݖ

 

This pƌoĐess ;pƌopagatioŶ of eŵptǇ iŶteƌseĐtioŶsͿ is eǆeĐuted ƌegaƌdless of the ǀalues of ݉′ aŶd ݊′. 
The outĐoŵe of the Ϯ pƌopagatioŶ stages is fiŶallǇ geŶeƌated aŶd pƌiŶted. “iŶĐe the pƌopagatioŶ of 

ƌelatioŶ ƌesulted iŶ a defiŶite set, ǁe oŶlǇ haǀe ϭ ĐoŵpositioŶ ŵatƌiǆ geŶeƌated, aŶd this 

ĐoŶĐludes the ƌeasoŶiŶg pƌoĐess foƌ this Đase. 
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Hoǁeǀeƌ, if the ǀalues of ሺ݉′ > ͳ ר ݊′ > ͳሻ, this ŵakes the ƌeasoŶiŶg paƌt a ďit ŵoƌe ĐhalleŶgiŶg 

as it geŶeƌates iŶdefiŶite set of ƌelatioŶs. Foƌ this Đase, the ŵodel has ĐoŶsideƌed ϰ diffeƌeŶt 

appƌoaĐhes depeŶdiŶg oŶ the ǀalue of ŵ͛ aŶd Ŷ .͛ 

 

Case ϭ: if ሺ݉′ = ר ݉ ݊′ = ݊ሻ, ǁhiĐh ŵeaŶs (ܺ ُ ௝ݕ௝) ⋀ ሺݕ  َ ܼሻ. This speĐial Đase ƌepƌeseŶts aŶ 

eǆpƌessioŶ of the seĐoŶd ĐoŶstƌaiŶt, aŶd heŶĐe Ŷo ŶoŶ-eŵptǇ iŶteƌseĐtioŶs aƌe pƌopagated. This 

also iŵplies that eǀeƌǇ ĐoŵpoŶeŶt fƌoŵ ǆ iŶteƌseĐts ǁith all ĐoŵpoŶeŶts of z, ǁhiĐh iŶdiĐates that 

Ŷo eŵptǇ iŶteƌseĐtioŶs aƌe pƌopagated. If this Đase is ideŶtified, the pƌogƌaŵ siŵplǇ passes the it-

eƌatioŶ aŶd ŵoǀes oŶ ǁithout applǇiŶg aŶǇ ƌeasoŶiŶg ƌules. AŶ eǆaŵple of this Đase is illustƌated iŶ 

the Ŷeǆt seĐtioŶ ;test Đase # ϴͿ. 

 

Case Ϯ: if ሺ݉′ < ר ݉  ݊′ = ݊ሻ 

IŶ this sĐeŶaƌio, ǁe haǀe ሺݔ′ ת  ܼ ≠  ∅ሻ, ǁhiĐh is aŶ iŵplied faĐt due to the seĐoŶd ĐoŶstƌaiŶt aŶd 

heŶĐe, theƌe is Ŷo Ŷeed to pƌopagate fƌoŵ this eŶd. We still Ŷeed to pƌopagate the iŶteƌseĐtioŶ 

fƌoŵ the otheƌ eŶd, i.e.  ሺܼ ݔ ת′ ≠  ∅ሻ, iŶ otheƌ ǁoƌds, all ĐoŵpoŶeŶts of oďjeĐt ݖ iŶteƌseĐtioŶs 

ǁith ݔ′. 
A flag is set to ideŶtifǇ this Đase aŶd to loĐate positioŶ of laďels ;ƌepƌeseŶtiŶg disjoiŶtsͿ. The 

pƌoĐess theŶ siŵplǇ iteƌates oǀeƌ  ܴ௫௬ to fiŶd ݔ′. OŶĐe ݔ′ is loĐated, the positioŶ is stoƌed iŶ a 

;ƌejeĐtioŶͿ ŵatƌiǆ ďǇ updatiŶg its ĐoƌƌespoŶdiŶg iŶdeǆ ǁith Ϭ aŶd saǀiŶg it iŶ a diĐtioŶaƌǇ oďjeĐt 

Ŷaŵed ‘M“.  

The ƌejeĐtioŶ ŵatƌiǆ theŶ ƌesets foƌ Ŷeǆt iteƌatioŶ, aŶd this pƌoĐess is ƌepeated ݉ ǆ ݊ tiŵes.  
 

 

 

 

Case ϯ: if ሺ݉′ = ר ݉  ݊′ < ݊ሻ 

This Đase is ideŶtiĐal to Đase Ϯ, eǆĐept that the oƌdeƌ of pƌopagatioŶ is sǁapped, i.e. ሺܺ ת ′ݖ  ≠  ∅ሻ 

is iŵplied due to the seĐoŶd ĐoŶstƌaiŶt, aŶd ǁe pƌopagate all ݖ′ oǀeƌ ݔ′ ሺܼ ת ′ݔ  ≠  ∅ሻ. 
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Case ϰ: if ሺ݉′ < ר ݉  ݊′ < ݊ሻ 

IŶ this Đase, the steps iŶ the pƌoĐess of Đases ϭ & Ϯ aƌe applied, ǁhiĐh ŵeaŶs ݔ′is pƌopagated oǀeƌ  ݖ′ aŶd ǀiĐe ǀeƌsa. 
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Noǁ the pƌogƌaŵ is ƌeadǇ to defiŶe the loĐatioŶs of the laďels ďased oŶ the diƌeĐtioŶ of 

pƌopagatioŶ, ǁhiĐh is set ďǇ defiŶiŶg the flag. DepeŶdiŶg oŶ the diƌeĐtioŶ of pƌopagatioŶ ;Đases foƌ ݉′ aŶd ݊′Ϳ, the appƌopƌiate fuŶĐtioŶ is Đalled aŶd the positioŶ of laďels aƌe defiŶed. The ŶotatioŶs 

used heƌe foƌ laďels aƌe ϲ iŶ Đase of pƌopagatiŶg oǀeƌ ƌoǁs ;݊′ = ݊Ϳ aŶd ϴ foƌ the Đase of 

pƌopagatiŶg oǀeƌ ĐoluŵŶs ;݉′ = ݉Ϳ. This ŶotatioŶ is used to distiŶĐt the positioŶ of laďels fƌoŵ 

defiŶite ŶotatioŶs ;Ϭ aŶd ϭͿ aŶd iŶdistiŶĐtiǀe ŶotatioŶs ;Ϯ s͛ ƌepƌeseŶtiŶg the ? s͛Ϳ. IŶtegeƌs has ďeeŶ 

used iŶ oƌdeƌ to aǀoid uŶŶeĐessaƌǇ ĐoŶǀeƌsioŶ to stƌiŶgs aŶd ǀiĐe ǀeƌsa. 

  

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Foƌ the Đase ǁheƌe ݉′ < ݉ & ݊′ = ݊, tǁo ŵatƌiĐes aƌe geŶeƌated as iŶ the positioŶ of a siŶgle 

iŶteƌseĐtioŶ theƌe ŵaǇ ďe ŵultiple laďels.  

This ĐoŶĐludes the ƌeasoŶiŶg pƌoĐess; the ƌesultiŶg iŶteƌseĐtioŶ ŵatƌiǆ ĐaŶ ďe Ŷoǁ pƌiŶted 

depeŶdiŶg oŶ the ǀalue of the flag: 
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 The ƌesult iŶ this Đase ƌepƌeseŶt the tǁo ŵatƌiĐes geŶeƌated 

ďǇ the last Đase ǁheƌe the flag = ϯ ; ݉′ < ݉ & ݊′ = ݊Ϳ. 

 

Theƌe is Ŷo distiŶĐtioŶ ŵade at this poiŶt ǁith ƌegaƌds to the 

eǆaĐt ǀalue of the laďels. “iŶĐe theƌe aƌe Ϯ paiƌs of laďels iŶ 

Matƌiǆ ϭ, aŶd Ϯ paiƌs of laďels iŶ Matƌiǆ Ϯ, the total Ŷuŵďeƌ of 

possiďle ĐoŵďiŶatioŶs iŶ this Đase is ;ϯ ǆ ϯͿ + ;ϯ ǆ ϯͿ = ϭϴ. 

Hoǁeǀeƌ, soŵe of these ĐoŵďiŶatioŶs aƌe ƌeŵoǀed as to aǀoid 

ĐoŶtƌadiĐtiŶg ǁith the seĐoŶd geŶeƌal ĐoŶstƌaiŶt. This is doŶe 

ďǇ ǀeƌifǇiŶg that theƌe aƌe Ŷo ƌoǁs of ĐoluŵŶs full of Ϭ s͛.  

The Đase heƌe also has a distiŶĐtiǀe iŶteƌseĐtioŶ ;iŶteƌseĐtioŶ 

ϮͿ. Theƌefoƌe, total Ŷuŵďeƌ of poteŶtial possiďilities is ϭϴ ǆ Ϯ = ϯϲ. 

All these ĐoŵďiŶatioŶs aƌe fiƌst geŶeƌated, ĐheĐked foƌ dupliĐates, aŶd theŶ filteƌed to ƌeŵoǀe 

ŵatƌiĐes ǁith all zeƌo͛s iŶ aŶǇ giǀeŶ ƌoǁ oƌ ĐoluŵŶ, aŶd theŶ aƌe fiŶallǇ stoƌed iŶ a list.   

 

Foƌ the Đase iŶ the eǆaŵple, total Ŷuŵďeƌ of 

ĐoŵďiŶatioŶs afteƌ ƌeŵoǀiŶg dupliĐates aŶd iŶǀalid sets 

is Ϯϴ, aŶd all ĐoŵďiŶatioŶs ƌepƌeseŶtiŶg all ƌelatioŶ 

possiďilities ĐaŶ ďe pƌiŶted. 
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ϰ.ϯ ChalleŶges aŶd iŵpƌoǀeŵeŶt ƌeĐoŵŵeŶdatioŶs 

 

IŵpleŵeŶtiŶg the ŵodel aŶd ǁoƌkiŶg oŶ the ƌeasoŶiŶg paƌt ǁas speĐifiĐallǇ the ŵost ĐhalleŶgiŶg 

paƌt. A ĐoŶsideƌaďle aŵouŶt of tiŵe ǁas Ŷeeded to uŶdeƌstaŶd the logiĐ aŶd tƌǇ to Đode the 

pƌopagatioŶ ƌules, espeĐiallǇ foƌ the Đases of iŶdefiŶite ƌelatioŶs. “uĐh Đases haǀe iŶtƌoduĐed Ǉet 

aŶotheƌ ĐhalleŶge: hoǁ to ƌepƌeseŶt ŵultiple ƌesultiŶg ŵatƌiĐes? “oŵe atteŵpts ǁeƌe ŵade to 

stoƌe ŵultiple ŵatƌiĐes iŶ pǇthoŶ diĐtioŶaƌies, ďut ǁasŶ͛t eŶough to solǀe the pƌoďleŵ aŶd ǁas 

still ƌesultiŶg iŶ ǁƌoŶg ĐoŵďiŶatioŶs ǁheŶ ሺ݉ >  ݉′ > ͳሻ ר  ሺ݊ > ݊′ > ͳሻ. This issue ǁas lateƌ 

Đaptuƌed ďǇ ĐƌeatiŶg Ϯ ƌesultiŶg ŵatƌiĐes foƌ this paƌtiĐulaƌ Đase, eaĐh ƌepƌeseŶtiŶg a set of 

ƌelatioŶs. 

AŶotheƌ ĐhalleŶge ǁas hoǁ to Đaptuƌe the iŶput aŶd ƌepƌeseŶt the output, giǀeŶ that ďoth aƌe 

takiŶg taďle foƌŵs that ƌeƋuiƌes alteƌatiǀe aŶd addƌessaďle aĐĐess to all Đells ǁithiŶ loops. Theƌe 

ǁeƌe atteŵpts to utilize soŵe GUI liďƌaƌǇ distƌiďutioŶs like tkiŶteƌ aŶd Qt, of ǁhiĐh ďoth pƌoǀide 

eǆĐelleŶt set of ǁidgets. Hoǁeǀeƌ, taďle ƌepƌeseŶtatioŶs ǁeƌeŶ͛t ideal aŶd ŵappiŶg taďle eŶtƌies 

ǁith aƌƌaǇs ǁasŶ͛t suĐĐessful. 

It is still highlǇ ƌeĐoŵŵeŶded to ĐoŶtiŶue ǁoƌkiŶg oŶ the GUI aŶd fiŶd ďetteƌ ǁaǇs, possiďilitǇ 

thƌough aŶ API. This shall giǀe a ŵuĐh ďetteƌ aŶd easieƌ ǁaǇ to ƌepƌeseŶt eŶtƌies. It also pƌoǀides 

ďetteƌ ǀisualizatioŶ of outputs iŶ a foƌŵ of taďles ƌatheƌ thaŶ ŵatƌiĐes. 

With the eǆĐeptioŶ of ŶuŵpǇ distƌiďutioŶ paĐkages, all the fuŶĐtioŶs aŶd oďjeĐts used foƌ the 

iŵpleŵeŶtatioŶ ǁeƌe ďasiĐ ďuilt-iŶ iŶ PǇthoŶ ϯ.ϳ. Hoǁeǀeƌ, utiliziŶg otheƌ poǁeƌful liďƌaƌies, like 

ŶuŵpǇ, pƌoǀide a ďetteƌ ǁaǇ foƌ ŵatƌiǆ ŵaŶipulatioŶ. Although ŶuŵpǇ has ďeeŶ used iŶ 

geŶeƌatiŶg ǀaƌious ĐoŵďiŶatioŶs of iŶteƌseĐtioŶ ŵatƌiĐes ;iŶ Đase of iŶdefiŶite ƌelatioŶsͿ, the 

liďƌaƌǇ pƌoǀides a ƌiĐh set of fuŶĐtioŶs that ĐaŶ ďe used to eŶhaŶĐe aƌƌaǇ opeƌatioŶs, espeĐiallǇ foƌ 

Đoŵpleǆ spatial ƌepƌeseŶtatioŶ aspeĐts. 

AŶotheƌ aƌea of eŶhaŶĐeŵeŶt ǁould ďe eƌƌoƌ haŶdliŶg. Although the aŵouŶt of iŶput fƌoŵ the 

useƌ is ǀeƌǇ liŵited, it is iŵpoƌtaŶt to ǀeƌifǇ if iŶputs aƌe ǀalid oƌ Ŷot, if the ĐoƌƌeĐt doŵaiŶ has 

ďeeŶ ĐoŶsideƌed, of if iŶteƌseĐtioŶ ŵatƌiĐes aƌe ǀalid ;Ŷot ǀiolatiŶg aŶǇ of the geŶeƌal ĐoŶstƌaiŶtsͿ. 

These ĐheĐks aƌe eǀeŶ ŵoƌe iŵpoƌtaŶt if the iŵpleŵeŶtatioŶ is eŵďedded as a ƌeasoŶiŶg eŶgiŶe 

ǁithiŶ aŶotheƌ appliĐatioŶ. 
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Chapteƌ ϱ Test Đases aŶd aŶalǇsis 

 

IŶ this Đhapteƌ soŵe test Đases aƌe goiŶg to ďe applied to ǀeƌifǇ the fuŶĐtioŶalitǇ of the ƌeasoŶiŶg 

eŶgiŶe. Test Đases ĐhoseŶ heƌe illustƌates ǀaƌious ĐoŵďiŶatioŶs of ƌelatioŶs ďetǁeeŶ oďjeĐts of 

diffeƌeŶt shapes aŶd Đoŵpleǆities. IŶ oƌdeƌ to ƌuŶ aŶd test these ĐoŵpositioŶ taďles iŶ the ŵodel, 

all ĐoŵpositioŶ taďles haǀe ďeeŶ stoƌed as ϮD aƌƌaǇ oďjeĐts foƌ ƋuiĐk aĐĐess. The ǀalues of  ܴ௫௬ 

aŶd  ܴ௬௭ aƌe theŶ siŵplǇ ĐhaŶged to the ƌeƋuiƌed ĐoŵpositioŶ ŵatƌiǆ aŶd outputs aƌe pƌiŶted aŶd 

aŶalǇsed oŶĐe ƌeasoŶiŶg has ďeeŶ Đoŵpleted. CoŵpositioŶ taďles aŶd ƌelatioŶ illustƌatioŶs aƌe 

pƌeseŶted iŶ appeŶdiĐes ϭ aŶd Ϯ. 

To ďegiŶ ǁith, topologiĐal ƌepƌeseŶtatioŶs of ƌelatioŶs ďetǁeeŶ siŵple ƌegioŶs aƌe deĐoŵposed 

aŶd ƌepƌeseŶted. This ƌepƌeseŶtatioŶ is ƌefeƌƌed to as ‘CC-ϴ ;‘egioŶ CoŶŶeĐtioŶ CalĐuliͿ-ϴ, aŶd it 

pƌoǀides the possiďle topologiĐal ƌepƌeseŶtatioŶs of iŶteƌĐoŶŶeĐtioŶ ďetǁeeŶ Ϯ aƌďitƌaƌǇ siŵple 

ƌegioŶs iŶ spaĐe (Cohn et al. 1997; Renz 2002)..  The eǆpƌessioŶ ĐoŶsists of ϴ set of ƌelatioŶs as 

desĐƌiďed ďeloǁ ;ĐoŶsideƌiŶg the ƌelatioŶ ďetǁeeŶ tǁo oďjeĐts A aŶd BͿ: 

• A disĐoŶŶeĐted fƌoŵ B - ƌepƌeseŶted ďǇ d;A,BͿ 

• A EǆteƌŶallǇ ĐoŶŶeĐted ǁith B;ďouŶdaƌiesͿ - ƌepƌeseŶted ďǇ ŵ;A,BͿ 

• A aŶd B oǀeƌlap – ƌepƌeseŶted ďǇ o;A,BͿ 

• A eƋuals B – ƌepƌeseŶted ďǇ e;A,BͿ 

• A Đoǀeƌed ďǇ B – ƌepƌeseŶted Đǀ;A,BͿ 

• A iŶĐluded iŶ B – ƌepƌeseŶted ďǇ i;A,BͿ 

• A ĐoŶtaiŶiŶg B – ƌepƌeseŶted ďǇ Đt;A,BͿ 

• A ĐoŶtaiŶiŶg ďouŶdaƌǇ B – ƌepƌeseŶted ďǇ Đď;A,BͿ 

 

These ƌelatioŶs aŶd ĐoŵpositioŶ taďles aƌe pƌeseŶted iŶ appeŶdiǆ ϭ. 

“iŵilaƌlǇ, aŶotheƌ possiďilitǇ of iŶteƌseĐtioŶ ĐaŶ ďe ĐoŶsideƌed ďetǁeeŶ oďjeĐts of diffeƌeŶt shapes 

oƌ diŵeŶsioŶs. IŶ this ĐoŶteǆt, a deŵoŶstƌatioŶ of suĐh iŶteƌseĐtioŶ ďetǁeeŶ a ƌegioŶ aŶd a ŶoŶ-

diƌeĐted liŶe aloŶg ǁith all ĐoŵpositioŶ taďles of diffeƌeŶt possiďilities. The liŶe heƌe is 

ƌepƌeseŶted ǁith Ϯ ĐoŵpoŶeŶts oŶlǇ, ǁithout a distiŶĐtioŶ ďetǁeeŶ the liŶe eŶd poiŶts. This 

ĐoŶsideƌatioŶ is Ŷot ǀeƌǇ distiŶĐtiǀe, ďut shall ďe suffiĐieŶt to test ǀaƌious Đases of ƌelatioŶs. All 

possiďle ƌelatioŶs ďetǁeeŶ a liŶe aŶd a siŵple ƌegioŶ aƌe pƌeseŶted iŶ appeŶdiǆ Ϯ. The taďle iŶ fig 

ǆǇz shoǁs all possiďle iŶteƌseĐtioŶ ďetǁeeŶ these ƌelatioŶs. 
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 ݀ሺݕ, ,ݕሻ ݉ሺݖ ,ݕሻ �ሺݖ ,ݕሻ ܾܿሺݖ ,ݕሺݐܿ ሻݖ ,ݕሺݒܿ ሻݖ ,ݕሺ݋ ሻݖ ,ݕሻ ݁ሺݖ ,ݔሻ ݀ሺݖ ,݀ ݈݈� ሻݕ ݉, �, ܾܿ,  ݋
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݀, ݉, ݁, ܾܿ, ,ݒܿ  ݋

�, ܾܿ, ,݋ ݋ ݉, �, ܾܿ ݀ ݀, ݉ ݀, ݉, � ܾܿ,  ݋

 

݉ 

 �ሺݔ, ,݀ ݈݈� � � ݀ ݀ ሻݕ ݉, �, ܾܿ,  ݋
݀, ݉, �, ܾܿ,  ݋

� 
 

 ܾܿሺݔ, ,݀ ݀ ሻݕ ݉ � �, ܾܿ ݀, ݉, ,ݒܿ ݐܿ  ݋
݀, ݉, ݁, ܾܿ, ,ݒܿ  ݋

݀, ݉. � ܾܿ,  ݋

 

ܾܿ 

,ݔሺݐܿ  ,݀ ሻݕ ݉, ,ݐܿ ,ݒܿ ,ݐܿ݋ ,ݒܿ ,݁ ݋ �, ,ݐܿ ܾܿ ,ݒܿ  ݋

,ݐܿ ,ݒܿ  ݐܿ ݋

 
 ݐܿ

 
,ݐܿ ,ݒܿ  ݋

 

 

 ݐܿ

,ݔሺݒܿ ,݀ ሻݕ ݉, ,ݒܿ ,ݐܿ   ݋
݉, ,ݒܿ ,ݐܿ  ݋

�, ܾܿ, ,݁ ݋ ,ݐܿ ,ݒܿ  ݋
 ݐܿ

 
,ݐܿ ,ݐܿ ݒܿ .ݒܿ  ݋

 

 

 ݒܿ

,ݔሺ݋ ,݀ ሻݕ ݉, ,ݒܿ ,ݐܿ   ݋
݀, ݉, ,ݒܿ ,ݐܿ   ݋

�, ܾܿ, ,� ݋ ܾܿ, ,݀ ݋ ݉, ,ݒܿ ݐܿ  ݋
݀, ݉, ,ݒܿ ,ݐܿ   ݋

�݈݈ 
 

,ݔሺ݁ ݋  ݁ ݋ ݒܿ ݐܿ ܾܿ � ݉ ݀ ሻݕ

Table.1 Composition table for relations between simple regions (RCC-8) 

 

This taďle ĐaŶ ďe used to ǀeƌifǇ the fuŶĐtioŶalitǇ of the ƌeasoŶiŶg eŶgiŶe, ďǇ tƌǇiŶg diffeƌeŶt 

ĐoŵďiŶatioŶs of the iŶputs foƌ  ܴ௫௬ aŶd  ܴ௬௭, aŶd theŶ pƌiŶtiŶg out the ƌesultiŶg ŵatƌiǆ  ܴ௫௭ 

Fiƌst these ĐoŵďiŶatioŶs ǁill ďe stoƌed as ŵatƌiĐes aŶd aĐĐessed lateƌ duƌiŶg test Đases ďǇ 

ĐhaŶgiŶg the ǀalues of  ܴ௫௬ aŶd  ܴ௬௭ as Ŷeeded. OďjeĐts ƌelatioŶs aŶd ĐoƌƌespoŶdiŶg iŶteƌseĐtioŶ 

ŵatƌiĐes aƌe aǀailaďle iŶ appeŶdiǆ ϭ. 

 

  

Fig.27 Predefined intersection matrices  



   

 

44 

 

AŶotheƌ ĐoŵpositioŶ taďle used foƌ these test Đases is ďetǁeeŶ a ƌegioŶ ݎ aŶd a liŶe ݈. 

DeĐoŵpositioŶ of ƌegioŶ aŶd liŶe ƌelatioŶ is shoǁŶ iŶ Fig. D. A siŶgle eleŵeŶt ݈ଶ is used to ideŶtifǇ 

ďoth eŶds of the liŶe.  

 

 

 

 

    Fig Ϯϴ  

Coŵplete deĐoŵpositioŶ taďles of all possiďilities aƌe iŶtƌoduĐed iŶ Taďle.Ϯ, aŶd all possiďle 

ĐoŵďiŶatioŶs of ƌelatioŶs of this tǇpe aƌe aǀailaďle iŶ appeŶdiǆ Ϯ. 
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�݈݈ 
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ܴଵଵ ܴ଻ ଼ܴ, ܴଽ, ܴଵ଴ ܴଵଵ, ܴଵଶ 

 

�݈݈ 
ܴͺሺݕ, ,ሻ ܴଵ ܴଵݖ ܴଶ, ܴଷ 

 

ܴଵ, ܴଵ଼, ܴଵଽ ܴଵ, ܴଶ, ܴଷ ܴସ, ܴହ, ܴ଺ ܴ଻, ଼ܴ ܴଵହ, ܴଵ଺ ܴଵ଼, ܴଵଽ 

 

ܴଵଵ ଼ܴ, ܴଵ଴, ܴଵଵ 

 

�݈݈ 

 

 
 ଶݎ

 ଵݎ

݈ଶ
݈ଵ

 ଴ ݈଴ݎ

Fig.28 Decomposition of elements representing region r and line l 
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ܴͻሺݕ, ,ሻ ܴଵ ܴଵݖ ܴଶ, ܴସ ܴଵଽ 

 

ܴଵ, ܴଶ, ܴସ ܴଵ଺, ܴଵ଻ ܴଵ଼, ܴଵଽ 

 

ܴସ, ܴହ, ܴ଺ ܴ଻, ଼ܴ, ܴଽ ܴଵ଴, ܴଵଵ, ܴଵଶ ܴଵଷ, ܴଵସ, ܴଵହ ܴଵ଺, ܴଵ଻ 

 

ܴଵଵ ܴଽ, ܴଵ଴ ܴଵଵ, ܴଵଶ 

 

�݈݈ 

ܴͳͲሺݕ, ,ሻ ܴଵ ܴଵݖ ܴଶ ܴଵ, ܴଶ, ܴସ ܴଵ଺, ܴଵ଻ ܴଵ଼, ܴଵଽ 

 

ܴଵ, ܴଶ, ܴଷ ܴସ, ܴହ, ܴ଺ ܴ଻, ଼ܴ, ܴଽ ܴଵ଴ ܴଵସ, ܴଵହ, ܴଵ଺ ܴଵ଻, ܴଵ଼, ܴଵଽ 

 

ܴଵଵ ܴଵ଴, ܴଵଵ 

 

�݈݈ 

ܴͳͳሺݕ,  ݈݈� ሻ ܴଵ ܴଵݖ
 

�݈݈ ܴଵଵ ܴଵଵ �݈݈ ܴͳʹሺݕ, ,ሻ ܴଵ ܴଵݖ ܴଵଽ ܴଵ, ܴଶ, ܴଷ ܴସ, ܴହ, ܴଵଷ ܴଵସ, ܴଵହ, ܴଵ଺ ܴଵ଻, ܴଵ଼, ܴଵଽ 

 

ܴଵ, ܴଶ, ܴଷ ܴସ, ܴହ, ܴ଺ ܴ଻, ܴଽ ܴଵଶ, ܴଵଷ ܴଵସ, ܴଵହ, ܴଵ଺ ܴଵ଻, ܴଵ଼, ܴଵଽ 

 

ܴଵଵ ܴଵଵ, ܴଵଶ 

 

�݈݈ 

ܴͳ͵ሺݕ, ,ሻ ܴଵݖ ܴଵ଼, ܴଵଽ 

 

ܴଵ, ܴଵ଼, ܴଵଽ 

 

ܴଵ, ܴଶ, ܴଷ ܴସ, ܴହ, ܴଵଷ ܴଵସ, ܴଵହ, ܴଵ଺ ܴଵ଻, ܴଵ଼, ܴଵଽ 

 

ܴଵ, ܴଶ, ܴଷ ܴସ, ܴହ, ܴଵଷ ܴଵସ, ܴଵହ, ܴଵ଺ ܴଵ଻, ܴଵ଼, ܴଵଽ 

 

ܴଵଵ, ܴଵଶ, ܴଵଷ 

 

ܴଵଵ, ܴଵଶ, ܴଵଷ 

 

�݈݈ 
ܴͳͶሺݕ, ,ሻ ܴଵݖ ܴଵ଼, ܴଵଽ 

 

ܴଵ, ܴଵ଼, ܴଵଽ ܴଶ, ܴସ, ܴଵ଺ 

 

ܴଵ, ܴଵ଼, ܴଵଽ ܴଶ, ܴସ, ܴଵ଺ ܴଵ଻ 

 

ܴଵ, ܴଶ, ܴଷ ܴସ, ܴହ ܴଵସ, ܴଵହ, ܴଵ଺ ܴଵ଻, ܴଵ଼, ܴଵଽ 

 

ܴଵଵ, ܴଵଶ, ܴଵଷ 

 

ܴଽ, ܴଵ଴, ܴଵଵ ܴଵଶ, ܴଵଷ ܴଵସ 

�݈݈ 
ܴͳͷሺݕ, ,ሻ ܴଵݖ ܴଵ଼, ܴଵଽ 

 

ܴଵ, ܴଶ, ܴଷ ܴସ, ܴହ, ܴଵହ ܴଵ଺, ܴଵ଼, ܴଵଽ 

 

ܴଵ, ܴଵ଼, ܴଵଽ 

 

ܴଵ, ܴଶ, ܴଷ ܴସ, ܴହ, ܴଵହ ܴଵ଺, ܴଵ଼, ܴଵଽ 

 

ܴଵଵ, ܴଵଶ, ܴଵଷ 

 

ܴ଻, ଼ܴ, ܴଽ ܴଵ଴, ܴଵଵ, ܴଵଶ ܴଵଷ, ܴଵସ, ܴଵହ 

�݈݈ 
ܴͳ͸ሺݕ, ,ሻ ܴଵݖ ܴଵ଼, ܴଵଽ ܴଶ, ܴସ, ܴଵ଺ ܴଵ଻ 

 

ܴଵ, ܴଶ, ܴଷ ܴସ, ܴହ ܴଵସ, ܴଵହ, ܴଵ଺ ܴଵ଻, ܴଵ଼, ܴଵଽ 

 

ܴଵ, ܴଵ଼, ܴଵଽ 

 

ܴଵ, ܴଶ, ܴସ ܴଵ଺, ܴଵ଼, ܴଵଽ 

 

ܴଽ, ܴଵଷ, ܴଵସ ܴଵ଴, ܴଵଵ, ܴଵଶ ܴଵ଻ 

ܴ଻, ଼ܴ, ܴଽ ܴଵ଴, ܴଵଵ, ܴଵଶ ܴଵଷ, ܴଵସ, ܴଵହ ܴଵ଺, ܴଵ଻ 

�݈݈ 
ܴͳ͹ሺݕ, ,ሻ ܴଵݖ ܴଶ, ܴସ ܴଵ଺, ܴଵ଻ ܴଵ଼, ܴଵଽ 

 

ܴଵ, ܴଶ, ܴସ ܴଵ଺, ܴଵ଻ ܴଵ଼, ܴଵଽ 

 

ܴଵ, ܴଶ, ܴସ ܴଵ଺, ܴଵ଻ ܴଵ଼, ܴଵଽ 

 

ܴଵ, ܴଶ, ܴସ ܴଵ଺, ܴଵ଻ ܴଵ଼, ܴଵଽ 

 

ܴଽ, ܴଵଷ, ܴଵସ ܴଵ଴, ܴଵଵ, ܴଵଶ ܴଵ଻ 

ܴଽ, ܴଵଷ, ܴଵସ ܴଵ଴, ܴଵଵ, ܴଵଶ ܴଵ଻ 

�݈݈ 
ܴͳͺሺݕ, ,ሻ ܴଵݖ ܴଶ, ܴଷ ܴସ, ܴହ, ܴଵଷ ܴଵସ, ܴଵହ, ܴଵ଺ ܴଵ଻, ܴଵ଼, ܴଵଽ 

 

ܴଵ, ܴଶ, ܴଷ ܴସ, ܴହ, ܴଵଷ ܴଵସ, ܴଵହ, ܴଵ଺ ܴଵ଻, ܴଵ଼, ܴଵଽ 

 

ܴଵ, ܴଵ଼, ܴଵଽ 

 

ܴଵ, ܴଵ଼, ܴଵଽ 

 

ܴ଻, ଼ܴ, ܴଽ ܴଵ଴, ܴଵଵ, ܴଵଶ ܴଵଷ, ܴଵସ, ܴଵହ ܴଵ଺, ܴଵ଻, ܴଵ଼ 

ܴ଻, ଼ܴ, ܴଽ ܴଵ଴, ܴଵଵ, ܴଵଶ ܴଵଷ, ܴଵସ, ܴଵହ ܴଵ଺, ܴଵ଻, ܴଵ଼ 

�݈݈ 
ܴͳͻሺݕ, ,ሻ ܴଵݖ ܴଶ, ܴଷ ܴସ, ܴହ, ܴଵଷ ܴଵସ, ܴଵହ, ܴଵ଺ ܴଵ଻, ܴଵ଼, ܴଵଽ 

 

ܴଵ, ܴଶ, ܴଷ ܴସ, ܴହ, ܴ଺ ܴ଻, ܴଽ ܴଵଶ, ܴଵଷ ܴଵସ, ܴଵହ, ܴଵ଺ ܴଵ଻, ܴଵ଼, ܴଵଽ 

 

ܴଵ ܴଵ, ܴଵଽ 

 

ܴ଻, ଼ܴ, ܴଽ ܴଵ଴, ܴଵଵ, ܴଵଶ ܴଵଷ, ܴଵସ, ܴଵହ ܴଵ଺, ܴଵ଻, ܴଵ଼ 

ܴସ, ܴହ, ܴ଺ ܴ଻, ଼ܴ, ܴଽ ܴଵ଴, ܴଵଵ ܴଵଶ, ܴଵଷ ܴଵସ, ܴଵହ, ܴଵ଺ ܴଵ଻, ܴଵ଼, ܴଵଽ 

 

�݈݈ 

 

 

 

Table.2 Composition table for relations between 2 simple regions, with a 
simple region and a line 
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Total of eight test Đases aƌe goiŶg to ďe deŵoŶstƌated aŶd aŶalǇsed ĐoŶsideƌiŶg ǀaƌious 

ĐoŵďiŶatioŶs of ƌelatioŶs aŶd eǆpeĐted outĐoŵe ;defiŶite oƌ iŶdefiŶiteͿ. The fiƌst siǆ Đases ĐaŶ ďe 

ǀeƌified fƌoŵ Taďle.ϭ aŶd Taďle.Ϯ. Test Đases ϳ aŶd ϴ ĐaŶ ďe ǀeƌified fƌoŵ ;El GeƌesǇ, AďdelŵotǇ, 

ϮϬϬϭͿ. 

Foƌ easieƌ ƌefeƌeŶĐe aŶd fasteƌ iŵpleŵeŶtatioŶ of the Đases, the iŶput ĐaptuƌiŶg paƌt has ďeeŶ 

skipped aŶd ƌeplaĐed ďǇ assigŶiŶg ǀalues to ܴ௫௬aŶd ܴ௬௭ diƌeĐtlǇ fƌoŵ a pƌedefiŶed set of 

ĐoŵďiŶatioŶs ;Fig.ϮϳͿ. 

 

5.1 Caseϭ: ϮǆϮ ƌegioŶ ǁith defiŶite outĐoŵe 

 

Foƌ this Đase, ƌelatioŶs ݀ aŶd ܿݐ aƌe ĐoŶsideƌed foƌ ǁhiĐh it is eǆpeĐted to get a defiŶite ƌesult. 

 

 

The ǀalues of ܴ௫௬ aŶd ܴ௬௭ aƌe assigŶed 

 

“olǀiŶg foƌ the ƌesult ŵatƌiǆ, ǁe haǀe: 

PƌopagatioŶ of ŶoŶ-eŵptǇ iŶteƌseĐtioŶs: 

• IŶteƌseĐtioŶs of ݕ଴: { ݔ଴, ,ଵݔ {ଶݔ ُ ଴ݕ ⋀ ଴ݕ  َ {଴ݖ} →  ሺݔ଴ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔଵ ת ଴ݖ  ≠  ∅ሻ ⋀  ሺݔଶ ଴ݖ ת ≠  ∅ሻ 

• IŶteƌseĐtioŶs of ݕଵ: { ݔ଴} ُ ଵݕ ⋀ ଵݕ  َ {଴ݖ} →  ሺݔ଴ ଴ݖ ת ≠  ∅ሻ  
• IŶteƌseĐtioŶs of ݕଶ { ݔ଴} ُ ଶݕ ⋀ ଶݕ  َ ,଴ݖ} ,ଵݖ {ଶݖ →  ሺݔ଴ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔ଴ ଵݖ ת ≠  ∅ሻ ⋀  ሺݔ଴ ଶݖ ת ≠  ∅ሻ 

PƌopagatioŶ of eŵptǇ iŶteƌseĐtioŶs: 

َ {଴ݔ } • ,଴ݕ}  ,ଵݕ {ଶݕ َ ,଴ݖ} ,ଵݖ  .ܼ ଴ aŶdݔ ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs pƌopagated ďetǁeeŶݖ

َ {ଵݔ } • {଴ݕ}  َ {଴ݖ} →  ሺݔଵ ଵݖ ת =  ∅ሻ  ⋀  ሺݔଵ ଶݖ ת =  ∅ሻ 

َ {ଶݔ } • {଴ݕ}  َ {଴ݖ} →  ሺݔଶ ଵݖ ת =  ∅ሻ  ⋀  ሺݔଶ ଶݖ ת =  ∅ሻ 

WhiĐh ƌesults iŶ the folloǁiŶg iŶteƌseĐtioŶ ƌelatioŶ ďetǁeeŶ oďjeĐts ǆ aŶd z as of ďeloǁ taďle.  

Afteƌ ƌuŶŶiŶg the ƌeasoŶiŶg eŶgiŶe, the ƌesultiŶg ŵatƌiǆ ;ܴ௫௭Ϳ ĐaŶ ďe pƌiŶted: 
 

 

 



   

 

47 

 

 

 
 

 

BǇ ĐoŵpaƌiŶg the ƌesultiŶg ĐoŵpositioŶ taďle, it ĐaŶ ďe ĐleaƌlǇ seeŶ that its iŶdeed eƋual to ݀ 

 

5.2 CaseϮ: ϮǆϮ ƌegioŶ ǁith iŶdefiŶite outĐoŵe 

 

To deŵoŶstƌate this Đase, ĐoŵďiŶatioŶs ďetǁeeŶ ܾܿ aŶd ݉ aƌe ĐoŶsideƌed, suĐh that it is eǆpeĐted 

to geŶeƌate aŶ iŶdefiŶite set of ƌelatioŶs. 

 

 

The ǀalues of ܴ௫௬ aŶd ܴ௬௭ aƌe assigŶed: 

 

“olǀiŶg foƌ the ƌesult ŵatƌiǆ, ǁe haǀe: 

PƌopagatioŶ of ŶoŶ-eŵptǇ iŶteƌseĐtioŶs: 

• IŶteƌseĐtioŶs of  ݕ଴:  { ݔ଴} ُ ଴ݕ ⋀ ଴ݕ  َ ,଴ݖ} ,ଵݖ {ଶݖ →  ሺݖ଴ ଴ݔ ת ≠  ∅ሻ  ⋀  ሺݖଵ ଴ݔ ת ≠  ∅ሻ ⋀  ሺݖଶ ଴ݔ ת ≠  ∅ሻ 

• IŶteƌseĐtioŶs of  ݕଵ: { ݔ଴, {ଵݔ ُ ଵݕ ⋀ ଵݕ  َ ,଴ݖ} {ଵݖ →  ሺݖ଴ ת ଴ݔ  ≠ ש  ∅  ଵݖ   ଴ݔ ת ≠  ∅ሻ  
     ⋀  ሺݖ଴ ת ଵݔ  ≠ ש ∅  ଵݖ   ת ଵݔ  ≠  ∅ሻ 

     ⋀  ሺݔ଴ ଴ݖ ת ≠ ש ∅  ଵݔ   ଴ݖ ת ≠  ∅ሻ 

     ⋀  ሺݔ଴ ଵݖ ת ≠ ש ∅  ଵݔ   ଵݖ ת ≠  ∅ሻ 

• IŶteƌseĐtioŶs of  ݕଶ: { ݔ଴, ,ଵݔ {ଶݔ ُ ଶݕ ⋀ ଶݕ  َ {଴ݖ} →  ሺݔ଴ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔଵ ת ଴ݖ  ≠  ∅ሻ ⋀  ሺݔଶ ଴ݖ ת ≠  ∅ሻ 

PƌopagatioŶ of eŵptǇ iŶteƌseĐtioŶs: 

َ {଴ݔ } • ,଴ݕ}  ,ଵݕ {ଶݕ َ ,଴ݖ} ,ଵݖ  .ܼ  ଴ aŶdݔ  ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs pƌopagated ďetǁeeŶݖ

َ {ଵݔ } • {଴ݕ}  َ {଴ݖ} →  ሺݔଵ ଵݖ ת =  ∅ሻ  ⋀  ሺݔଵ ଶݖ ת =  ∅ሻ 

َ {ଶݔ } • {଴ݕ}  َ {଴ݖ} →  ሺݔଶ ଵݖ ת =  ∅ሻ  ⋀  ሺݔଶ ଶݖ ת =  ∅ሻ 

ܴሺ௫,௭ሻ z0 z1 z2 

x0 ϭ ϭ ϭ 

x0 ϭ Ϭ Ϭ 

x0 ϭ Ϭ Ϭ 
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As eǆpeĐted, the ƌesultiŶg ŵatƌiǆ iŶdiĐates aŶ iŶdefiŶite set of ƌelatioŶs, as the Đell of ǀalue ͞Ϯ͟ 

iŶdiĐates the positioŶ of ǁhiĐh ǁe haǀe uŶĐeƌtaiŶtǇ. The ƌesultiŶg ƌelatioŶs iŶ this Đase aƌe: 

D = [[1, 1, 1], 

     [1, 0, 0], 

     [1, 0, 0]] 

 

M = [[1, 1, 1], 

     [1, 1, 0], 

     [1, 0, 0]] 

 

 

5.3 Case ϯ: ϮǆϮ ƌegioŶs ǁith iŶdefiŶite outĐoŵe 

 

This Đase is deŵoŶstƌated ďǇ assigŶiŶg O to ‘ǆǇ, aŶd CV to ‘Ǉz: 

 

 

“olǀiŶg foƌ the ƌesult ŵatƌiǆ, ǁe haǀe: 

PƌopagatioŶ of ŶoŶ-eŵptǇ iŶteƌseĐtioŶs: 

• IŶteƌseĐtioŶs of ݕ଴:  { ݔ଴, ,ଵݔ {ଶݔ ُ ଴ݕ ⋀ ଴ݕ  َ {଴ݖ} →  ሺݔ଴ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔଵ ת ଴ݖ  ≠  ∅ሻ ⋀  ሺݔଶ ଴ݖ ת ≠  ∅ሻ 

• IŶteƌseĐtioŶs of ݕଵ: { ݔ଴, ,ଵݔ {ଶݔ ُ ଵݕ ⋀ ଵݕ  َ ,଴ݖ} {ଵݖ →  ሺݖ଴ ଴ݔ ת ≠ ש  ∅  ଵݖ   ଴ݔ ת ≠  ∅ሻ  
     ⋀  ሺݖ଴ ת ଵݔ  ≠ ש ∅  ଵݖ   ת ଵݔ  ≠  ∅ሻ 

     ⋀  ሺݖ଴ ת ଶݔ  ≠ ש ∅  ଵݖ   ଶݔ ת ≠  ∅ሻ 

     ⋀ ሺܺ ת ଴ݖ  ≠ ש ∅   ܺ ଵݖ ת ≠  ∅ሻ 

• IŶteƌseĐtioŶs of ݕଶ: { ݔ଴, ,ଵݔ {ଶݔ ُ ଶݕ ⋀ ଶݕ  َ ,଴ݖ} ,ଵݖ {ଶݖ →   ܺ ת  ܼ ≠  ∅ 

PƌopagatioŶ of eŵptǇ iŶteƌseĐtioŶs: 

َ {଴ݔ } • ,଴ݕ}  ,ଵݕ {ଶݕ َ ,଴ݖ} ,ଵݖ  .ܼ ଴ aŶdݔ ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs pƌopagated ďetǁeeŶݖ

َ {ଵݔ } • ,଴ݕ}  ,ଵݕ {ଶݕ َ ,଴ݖ} ,ଵݖ  .ܼ ଵ aŶdݔ  ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs pƌopagated ďetǁeeŶݖ

َ {ଶݔ } • ,଴ݕ}  ,ଵݕ {ଶݕ َ ,଴ݖ} ,ଵݖ  .ܼ ଶ aŶdݔ ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs pƌopagated ďetǁeeŶݖ
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This ŵeaŶs ǁe oŶlǇ get a defiŶite pƌopagatioŶ of ŶoŶ-eŵptǇ iŶteƌseĐtioŶs iŶ  ሺݔ଴ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔଵ ଴ݖ ת ≠  ∅ሻ ⋀  ሺݔଶ ଴ݖ ת ≠  ∅ሻ. Pƌopagated ĐoŶstƌaiŶed aƌe ƌefiŶed aŶd 

stƌoŶgeƌ oŶes seleĐted iŶ the ƌesultiŶg ŵatƌiǆ, i.e. defiŶite pƌopagatioŶs oǀeƌ ŶoŶ-defiŶite oŶes. 

This ǁill geŶeƌate the folloǁiŶg ƌesultiŶg ŵatƌiǆ. UŶĐeƌtaiŶ ĐoŵďiŶatioŶs aƌe ƌepƌeseŶted ďǇ the 

͚Ϯ .͛ IŶ oƌdeƌ to Đoŵpaƌe ǁith the ƌelatioŶs ǁe haǀe, ǁe ĐaŶ 

siŵplǇ  

seleĐt those ǁith ĐoŵŵoŶ defiŶite iŶteƌseĐtioŶs, i.e. the ϭ͛s 

aŶd Ϭ͛s fƌoŵ the iŶteƌseĐtioŶ ŵatƌiǆ ďeloǁ. This shall giǀe us 

the possiďle ĐoŵďiŶatioŶs ďeloǁ. CoŵpaƌiŶg ǁith the 

Taďel.ϭ, ǁe ĐaŶ see that the ĐoƌƌespoŶdiŶg ƌelatioŶs aƌe 

iŶdeed as iŶdiĐated. 

 

D = [[1, 1, 1], 

     [1, 0, 0], 

     [1, 0, 0]] 

 

CT = [[1, 0, 0], 

      [1, 0, 0], 

      [1, 1, 1]] 

 

CV = [[1, 0, 0], 

      [1, 1, 0], 

      [1, 1, 1]] 

 

M = [[1, 1, 1], 

     [1, 1, 0], 

     [1, 0, 0]] 

 

O = [[1, 1, 1], 

     [1, 1, 1], 

     [1, 1, 1]] 

 

 

5.4 Case ϰ: Ϯ siŵple ƌegioŶs ǁith a ƌegioŶ aŶd a liŶe ǁith defiŶite outĐoŵe 

 

Foƌ this Đase, ƌelatioŶs � aŶd ܴ͸ aƌe ĐoŶsideƌed of ǁhiĐh a liŶe has Ŷoǁ ďeeŶ iŶtƌoduĐed iŶstead of 

a ƌegioŶ. 

 

 

 

“olǀiŶg foƌ the ƌesult ŵatƌiǆ, as iŶ the pƌeǀious Đases: 

PƌopagatioŶ of ŶoŶ-eŵptǇ iŶteƌseĐtioŶs: 

• IŶteƌseĐtioŶs of ݕ଴: { ݔ଴} ُ ଴ݕ ⋀ ଴ݕ  َ {଴ݖ} → ଴ݔ  ଴ݖ ת ≠  ∅ 

• IŶteƌseĐtioŶs of ݕଵ: { ݔ଴} ُ ଵݕ ⋀ ଵݕ  َ ,଴ݖ} ,ଵݖ {ଶݖ →  ሺݔ଴ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔ଴ ת ଵݖ  ≠  ∅ሻ ⋀  ሺݔ଴ ଶݖ ת ≠  ∅ሻ  
• IŶteƌseĐtioŶs of ݕଶ: {ݔ଴, ,ଵݔ {ଶݔ ُ ଶݕ ⋀ ଶݕ  َ {଴ݖ} →  ሺݔ଴ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔଵ ת ଴ݖ  ≠  ∅ሻ ⋀  ሺݔଶ ଴ݖ ת ≠  ∅ሻ 

PƌopagatioŶ of eŵptǇ iŶteƌseĐtioŶs: 

َ {଴ݔ } • ,଴ݕ}  ,ଵݕ {ଶݕ َ ,଴ݖ} ,ଵݖ  .ܼ ଴ aŶdݔ ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs pƌopagated ďetǁeeŶݖ
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َ {ଵݔ } • {ଶݕ}  َ {଴ݖ} →  ሺݔଵ ଵݖ ת =  ∅ሻ  ⋀  ሺݔଵ ଶݖ ת =  ∅ሻ 

َ {ଶݔ } • {଴ݕ}  َ {଴ݖ} →  ሺݔଶ ଵݖ ת =  ∅ሻ  ⋀  ሺݔଶ ଶݖ ת =  ∅ሻ 

‘esultiŶg iŶ the folloǁiŶg iŶteƌseĐtioŶ ŵatƌiǆ ܴ௫௭. CoŵpaƌiŶg this ŵatƌiǆ ǁith Taďle.ϭ, the ƌesultiŶg 

ŵatƌiǆ is iŶdeed eƋuiǀaleŶt to ‘ϭ. 

 

 

 

 

 

 

 

 

 

 

 

5.5 Case ϱ: Ϯ siŵple ƌegioŶs ǁith a ƌegioŶ aŶd a liŶe ǁith iŶdefiŶite outĐoŵe ϭ 

IŶ this test Đase, ǁe shall assigŶ  ܴ௫௬to Đt, aŶd  ܴ௬௭ to ‘ϭϯ 

 

 

“olǀiŶg foƌ the ƌesult ŵatƌiǆ, ǁe haǀe: 

PƌopagatioŶ of ŶoŶ-eŵptǇ iŶteƌseĐtioŶs: 

• IŶteƌseĐtioŶs of  ݕ଴:  { ݔ଴, ,ଵݔ {ଶݔ ُ ଴ݕ ⋀ ଴ݕ  َ ,଴ݖ} {ଶݖ →  ሺܺ ଴ݖ ת ≠ ש  ∅   ܺ ଶݖ ת ≠  ∅ሻ  
     ⋀  ሺݖ଴ ת ଴ݔ  ≠ ש ∅  ଶݖ   ଴ݔ ת ≠  ∅ሻ 

     ⋀  ሺݖ଴ ת ଵݔ  ≠ ש ∅  ଶݖ   ଵݔ ת ≠  ∅ሻ 

     ⋀  ሺݖ଴ ת ଶݔ  ≠ ש ∅  ଶݖ   ଶݔ ת ≠  ∅) 

• IŶteƌseĐtioŶs of  ݕଵ: { ݔଶ} ُ ଵݕ ⋀ ଵݕ  َ ,଴ݖ} {ଶݖ →  ሺݔଶ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔଶ ת ଶݖ  ≠  ∅ሻ  
• IŶteƌseĐtioŶs of  ݕଶ: { ݔଶ} ُ ଶݕ ⋀ ଶݕ  َ ,଴ݖ} ,ଵݖ {ଶݖ →   ሺݔଶ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔଶ ଵݖ ת ≠  ∅ሻ ⋀  ሺݔଶ ת ଶݖ  ≠  ∅ሻ  

PƌopagatioŶ of eŵptǇ iŶteƌseĐtioŶs: 

َ {଴ݔ } • {଴ݕ}  َ ,଴ݖ} → {ଶݖ ଴ݔ  ଵݖ ת =  ∅ 

َ {ଵݔ } • {଴ݕ}  َ ,଴ݖ} → {ଶݖ ଵݔ  ଵݖ ת =  ∅ 

َ {ଶݔ } • ,଴ݕ}  ,ଵݕ {ଶݕ َ ,଴ݖ} ,ଵݖ  .ܼ , ଶݔ ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs aƌe pƌopagated ďetǁeeŶݖ

The ƌesultiŶg ŵatƌiǆ is ƌepƌeseŶted ǁith laďels aϭ aŶd aϮ to iŶdiĐate the disjoiŶt, ǁhiĐh iŶĐludes a 

total of ϲ diffeƌeŶt iŶteƌseĐtioŶ ŵatƌiĐes. CoŵpaƌiŶg the ƌesultiŶg ŵatƌiĐes ǁith the ĐoŵpositioŶ 

taďle ܴ, theƌe aƌe ϯ ŵatƌiĐes ŵatĐhiŶg ǁith the ƌesult, ŶaŵelǇ ܴଵଵ, ܴଵଶ aŶd ܴଵଷ. 

ܴሺ௫,௭ሻ z0 z1 z2 

x0 ϭ ϭ ϭ 

x0 ϭ Ϭ Ϭ 

x0 ϭ Ϭ Ϭ 
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5.6 Case ϲ: Ϯ siŵple ƌegioŶs ǁith a ƌegioŶ aŶd a liŶe ǁith iŶdefiŶite outĐoŵe Ϯ 

This Đase deŵoŶstƌates higheƌ leǀel of uŶĐeƌtaiŶtǇ due to feǁeƌ distiŶĐtiǀe pƌopagated 

iŶteƌseĐtioŶs. IŶ this Đase ‘ǆǇ is assigŶed to D, aŶd ‘Ǉz is assigŶed to ‘ϭϴ: 

 

 

ApplǇiŶg pƌopagatioŶ ƌules: 

PƌopagatioŶ of ŶoŶ-eŵptǇ iŶteƌseĐtioŶs ;ƌule ϭͿ: 

• IŶteƌseĐtioŶs of  ݕ଴:  { ݔ଴, ,ଵݔ {ଶݔ ُ ଴ݕ ⋀ ଴ݕ  َ ,଴ݖ} ,ଵݖ {ଶݖ →  ܺ ת  ܼ ≠  ∅ 

• IŶteƌseĐtioŶs of  ݕଵ: { ݔ଴} ُ ଵݕ ⋀ ଵݕ  َ ,଴ݖ} {ଶݖ →  ሺݔ଴ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔ଴ ת ଶݖ  ≠  ∅ሻ  
• IŶteƌseĐtioŶs of  ݕଶ: { ݔ଴} ُ ଶݕ ⋀ ଶݕ  َ ,଴ݖ} {ଶݖ →   ሺݔ଴ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔ଴ ଶݖ ת ≠  ∅ሻ  

PƌopagatioŶ of eŵptǇ iŶteƌseĐtioŶs: 

َ {଴ݔ } • ,଴ݕ}  ,ଵݕ {ଶݕ َ ,଴ݖ} ,ଵݖ  .ܼ , ଴ݔ ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs aƌe pƌopagated ďetǁeeŶݖ

َ {ଵݔ } • {଴ݕ}  َ ,଴ݖ} ,ଵݖ  ܼ , ଴ݔ ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs aƌe pƌopagated ďetǁeeŶݖ

َ {ଶݔ } • {଴ݕ}  َ ,଴ݖ} ,ଵݖ  .ܼ , ଶݔ ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs aƌe pƌopagated ďetǁeeŶݖ

The ƌesultiŶg ŵatƌiǆ iŶ this Đase pƌoǀides ǀeƌǇ little distiŶĐtioŶ ሺݔ଴ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔ଴ ଶݖ ת ≠  ∅ሻ, 

aŶd the ƌest of the iŶteƌseĐtioŶs aƌe iŶdefiŶite. ‘efeƌƌiŶg to Taďle.Ϯ, the possiďle ĐoŵďiŶatioŶs aƌe: 
R1,R3,R2,R19,R5,R4,R18,R15,R16,R13,R17,R14 

  

R(x,z) z0 z1 z2 

x0 ϭ Ϭ ? 

x1 aϭ Ϭ aϮ 

x2 ϭ ϭ ϭ 

R10 = [[1, 0, 0], 

       [1, 1, 0], 

       [1, 1, 1]] 

 

R11 = [[1, 0, 0], 

       [1, 0, 0], 

       [1, 1, 1]] 

 

R12 = [[1, 0, 0], 

       [1, 0, 1], 

       [1, 1, 1]] 
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5.7 Case ϳ: ϮXϮ Đoŵpleǆ oďjeĐts 

 

The folloǁiŶg Đoŵpleǆ oďjeĐts ݕ ,ݔ aŶd ݖ aƌe deĐoŵposed, aŶd iŶteƌseĐtioŶ ŵatƌiĐes pƌoǀided. 

The saŵe pƌiŶĐiples of pƌopagatioŶ of ŶoŶ-eŵptǇ aŶd eŵptǇ iŶteƌseĐtioŶs shall ďe folloǁed iŶ 

oƌdeƌ to geŶeƌate the ƌesultiŶg ŵatƌiǆ  ܴ௫௭. The deĐoŵpositioŶ of oďjeĐts ƌelatioŶs aŶd theiƌ 

ĐoƌƌespoŶdiŶg iŶteƌseĐtioŶ ŵatƌiĐes aƌe shoǁŶ iŶ Fig.Ϯϵ ;aͿ & ;ďͿ . 

PƌopagatioŶ of ŶoŶ-eŵptǇ iŶteƌseĐtioŶs ;ƌule ϭͿ: 

• IŶteƌseĐtioŶs of ݕ଴:  {  ݔ଴, ,ଵݔ ,ଶݔ {ଷݔ ُ ଴ݕ ⋀ ଴ݕ  َ {଴ݖ} →  ሺݔ଴ ת ଴ݖ  ≠  ∅ሻ  ⋀  ሺݔଵ ଴ݖ ת ≠  ∅ሻ 

 ⋀  ሺݔଶ ת ଴ݖ  ≠  ∅ሻ ⋀  ሺݔଷ ת ଴ݖ  ≠  ∅ሻ 

• IŶteƌseĐtioŶs of  ݕଵ: { ݔ଴, {ଷݔ ُ ଵݕ ⋀ ଵݕ  َ {଴ݖ} →  ሺݔ଴ ଴ݖ ת ≠  ∅ሻ  ⋀  ሺݔଷ ଴ݖ ת ≠  ∅ሻ 

 

• IŶteƌseĐtioŶs of  ݕଶ: { ݔ଴, {ଷݔ ُ ଶݕ ⋀ ଶݕ  َ ,଴ݖ} ,ଵݖ {ଶݖ → ሺݔ଴ ת  ܼ ≠ ש  ∅  ଷݔ   ת  ܼ ≠  ∅ሻ  
     ⋀  ሺݖ଴ ת ଴ݔ  ≠ ש ∅  ଴ݖ   ଷݔ ת ≠  ∅ሻ 

     ⋀  ሺݖଵ ଴ݔ ת ≠ ש ∅  ଵݖ   ת ଷݔ  ≠  ∅ሻ 

     ⋀  ሺݖଶ ת ଴ݔ  ≠ ש ∅  ଶݖ   ଷݔ ת ≠  ∅ሻ 

 

• IŶteƌseĐtioŶs of  ݕଷ: { ݔଷ} ُ ଷݕ ⋀ ଷݕ  َ ,଴ݖ} {ଵݖ →  ሺݖ଴ ଷݔ ת ≠ ש  ∅  ଵݖ   ଷݔ ת ≠  ∅ሻ  
 

• IŶteƌseĐtioŶs of ݕସ: { ݔଷ} ُ ସݕ ⋀ ସݕ  َ {଴ݖ} →   ሺݔଷ ଴ݖ ת ≠  ∅ሻ 

 

PƌopagatioŶ of eŵptǇ iŶteƌseĐtioŶs ;ƌule ϮͿ: 

َ {଴ݔ } • ,଴ݕ}  ,ଵݕ {ଶݕ َ ,଴ݖ} ,ଵݖ  .ܼ ଴ aŶdݔ ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs pƌopagated ďetǁeeŶݖ

َ {ଵݔ } • {଴ݕ}  َ {଴ݖ} →  ሺݔଵ ଵݖ ת =  ∅ሻ  ⋀  ሺݔଵ ଶݖ ת =  ∅ሻ 

َ {ଶݔ } • {଴ݕ}  َ {଴ݖ} →  ሺݔଶ ଵݖ ת =  ∅ሻ  ⋀  ሺݔଶ ଶݖ ת =  ∅ሻ 

َ {ଷݔ } • ,଴ݕ}  ,ଵݕ ,ଶݕ ,ଷݕ {ସݕ َ ,଴ݖ} ,ଵݖ  .ܼ ଷ aŶdݔ ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs aƌe pƌopagated ďetǁeeŶݖ

Noǁ goiŶg ďaĐk to the ŵodel, ǁe staƌt ďǇ assigŶiŶg the ǀalues of  ܴ௫௬aŶd  ܴ௬௭, theŶ eǆeĐute the 

ƌeasoŶiŶg ƌules aŶd ǀeƌifǇ the ƌesult. 
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The ƌesultiŶg ŵatƌiǆ ĐoŶsists of a Ϯ, ǁhiĐh ƌepƌeseŶts the uŶĐeƌtaiŶtǇ ͚? ,͛ aŶd tǁo ϴ͛s, ǁhiĐh 

ƌepƌeseŶt the laďels ;disjoiŶtsͿ. The possiďle ĐoŵpositioŶ taďles of this ƌesult aƌe: 

 

[[[1, 0, 0], [1, 0, 0], [1, 0, 0], [1, 1, 1]], 

 [[1, 1, 1], [1, 0, 0], [1, 0, 0], [1, 1, 0]], 

 [[1, 0, 1], [1, 0, 0], [1, 0, 0], [1, 1, 1]], 

 [[1, 1, 0], [1, 0, 0], [1, 0, 0], [1, 1, 1]], 

 [[1, 0, 1], [1, 0, 0], [1, 0, 0], [1, 1, 0]], 

 [[1, 1, 1], [1, 0, 0], [1, 0, 0], [1, 1, 1]]] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 y0 y1 y2 y3 y4 

x0 1 1 1 0 0 

x1 1 0 0 0 0 

x2 1 0 0 0 0 

x3 1 1 1 1 1 

 z0 z1 z2 

y0 1 0 0 

y1 1 0 0 

y2 1 1 1 

y3 1 1 0 

y4 1 0 0 

 

 

 

x3 

y2 y4 

x2 

x0  y0 

y1 

 

x1 

 

 

 

 

 

 

y2 

y4 z2 

y0  z0 

y1 

 z1 

 

y3 

 

(a) (b) 

(c) 

(d) Fig.29 (a),(b) topological spatial relationship between complex objects with 
objects decomposed, 

(c),(d) intersection matrices of given relations in (a) and (b)  
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5.8 Case ϴ: speĐial Đase ǁheƌe Ŷo sets aƌe pƌopagated ;uŶiǀeƌsal ƌelatioŶͿ 
 

To deŵoŶstƌate this speĐial Đase of ǁhiĐh the ƌesultiŶg ŵatƌiǆ is geŶeƌated fƌoŵ the pƌopagatioŶ of 

the Ϯ geŶeƌal ĐoŶstƌaiŶt oŶlǇ, ǁhiĐh ŵeaŶs the ƌesultiŶg ŵatƌiǆ Đoŵpƌises of all possiďle ƌelatioŶs 

ďetǁeeŶ ݔ aŶd ݖ. 

 

 

 

 

 

 

 

 

PƌopagatioŶ of ŶoŶ-eŵptǇ iŶteƌseĐtioŶs ;ƌule ϭͿ: 

• IŶteƌseĐtioŶs of ݕ଴:  { ݔ଴} ُ ଴ݕ ⋀ ଴ݕ  َ {଴ݖ} → ଴ݔ  ଴ݖ ת ≠  ∅ 

• IŶteƌseĐtioŶs of ݕଵ: { ݔ଴} ُ ଵݕ ⋀ ଵݕ  َ {଴ݖ} → ଴ݔ  ଴ݖ ת ≠  ∅ 

• IŶteƌseĐtioŶs of ݕଶ: { ݔ଴, ,ଵݔ {ଶݔ ُ ଶݕ ⋀ ଶݕ  َ ,଴ݖ} ,ଵݖ {ଶݖ →  ܺ ת  ܼ ≠  ∅ 

PƌopagatioŶ of eŵptǇ iŶteƌseĐtioŶs ;ƌule ϮͿ: 

َ {଴ݔ } • ,଴ݕ}  ,ଵݕ {ଶݕ َ ,଴ݖ} ,ଵݖ  .ܼ ଴ aŶdݔ ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs pƌopagated ďetǁeeŶݖ

َ {ଵݔ } • {ଶݕ}  َ ,଴ݖ} ,ଵݖ  .ܼ ଵ aŶdݔ ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs aƌe pƌopagated ďetǁeeŶݖ

َ {ଶݔ } • {ଶݕ}  َ ,଴ݖ} ,ଵݖ  .ܼ ଶ aŶdݔ ଶ} – Ŷo eŵptǇ iŶteƌseĐtioŶs aƌe pƌopagated ďetǁeeŶݖ

The ƌesultiŶg ŵatƌiǆ ܴ௫௭ as iŶdiĐated shoǁs that oŶlǇ ݔ଴ ת ଴ݖ  ≠  ∅ is pƌopagated aŶd ŶothiŶg else. 

This ƌelatioŶ is ƌefeƌƌed to the uŶiǀeƌsal ƌelatioŶ, as Ŷo distiŶĐtioŶ is pƌoǀided, aŶd all possiďle 

ĐoŵďiŶatioŶs aƌe ǀalid. 

  

 

 

 

 

 

ܴ௬௭ z0 z1 z2 

y0 1 0 0 

y1 1 0 0 

y2 1 1 1 

ܴ௫௬ y0 y0 y0 

x0 1 1 1 

x1 0 0 1 

x2 0 0 1 

ܴ௫௭ z0 z1 z2 

x0 1 ? ? 

x1 ? ? ? 

x2 ? ? ? 

 

   y 

x 
 

   y 

z
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Chapteƌ ϲ CoŶĐlusioŶ aŶd ƌefleĐtioŶ 
 
IŶ this papeƌ, the topologiĐal ƌepƌeseŶtatioŶ of oďjeĐts of aƌďitƌaƌǇ ĐoŵpleǆitǇ ǁas pƌeseŶted aloŶg 

ǁith ǀaƌious iŶteƌseĐtioŶ possiďilities ǁith otheƌ oďjeĐts iŶ spaĐe. “uĐh ƌepƌeseŶtatioŶ of oďjeĐts iŶ 

the foƌŵ of adjaĐeŶĐǇ ŵatƌiǆ pƌoǀided a siŵple uŶifoƌŵ ƌepƌeseŶtatioŶ of suĐh oďjeĐts iŶ spaĐe. 

Moƌeoǀeƌ, iŶteƌseĐtioŶ taďles pƌoǀided a siŵple uŶdeƌstaŶdiŶg of hoǁ oďjeĐts ƌelatioŶs aƌe 

ƌepƌeseŶted iŶ a Ƌualitatiǀe ŵaŶŶeƌ.  The iŵpleŵeŶtatioŶ ǁas ďased oŶ the siŵple ĐoŶstƌaiŶt-

ďased pƌopagatioŶ of eleŵeŶts ďetǁeeŶ the iŶteƌseĐtiŶg oďjeĐts. Although liŵited Ŷuŵďeƌ of test 

Đases ǁeƌe pƌeseŶted aŶd aŶalǇsed usiŶg ‘CC-ϴ ĐoŵpositioŶ taďles aŶd ƌegioŶ-liŶe ĐoŵpositioŶ 

taďle, the ŵodel is opeŶ foƌ fuƌtheƌ eŶhaŶĐeŵeŶts aŶd additioŶal ĐoŵpositioŶ taďles ŵaǇ ďe 

ǀeƌified. The ŵodel is aďle to geŶeƌate all possiďle ;ǀalidͿ ĐoŵďiŶatioŶ of iŶteƌseĐtioŶs ďetǁeeŶ 

the oďjeĐts iŶ a ĐeƌtaiŶ doŵaiŶ. With ĐoŵpositioŶ taďles pƌoǀided, it ǁill ďe easǇ to ƌelate these 

ĐoŵďiŶatioŶs aŶd seleĐt oŶlǇ those ǁithiŶ the ƌaŶge of ĐoŵpositioŶ taďles. The ŵodel͛s output 

ĐoŶsists of the ƌesultiŶg iŶteƌseĐtioŶ ŵatƌiǆ ǁith defiŶite iŶteƌseĐtioŶs ;Ϭ/ϭͿ, aŶd iŶdefiŶite 

iŶteƌseĐtioŶs ;laďels aŶd iŶdistiŶĐtiǀe iŶteƌseĐtioŶsͿ. This ŵatƌiǆ is theŶ used to geŶeƌate all 

possiďle ĐoŵďiŶatioŶs iŶ Đase of iŶdefiŶite iŶteƌseĐtioŶs. 

 

WoƌkiŶg oŶ this pƌojeĐt ǁas ǀeƌǇ ĐhalleŶgiŶg due to ŵaŶǇ aspeĐts ƌelated ďoth to the theoƌǇ 

spatial ƌeasoŶiŶg, aŶd iŵpleŵeŶtatioŶ of ƌeasoŶiŶg ƌules. UŶdeƌstaŶdiŶg the ĐoŶĐepts of spatial 

ƌeasoŶiŶg ǁas diffiĐult at the ďegiŶŶiŶg, espeĐiallǇ that ŵost of the liteƌatuƌe ǁas addƌessiŶg 

ƌeseaƌĐheƌs ǁith soŵe ďaĐkgƌouŶd iŶ the doŵaiŶ. Moƌeoǀeƌ, the aŵouŶt of iŶfoƌŵatioŶ that I had 

to aďsoƌď ǁas oǀeƌǁhelŵiŶg, aŶd I had to take ŵǇ tiŵe iŶ uŶdeƌstaŶdiŶg ǁhat is ƌeleǀaŶt to the 

pƌojeĐt. With tiŵe aŶd peƌsisteŶĐe, the ĐoŶĐepts ďeĐaŵe ŵoƌe ǀiǀid aŶd ǁith ŵǇ geŶeƌal 

ďaĐkgƌouŶd iŶ K‘, I ǁas aďle to ƌelate ĐoŶĐepts theŵ ĐoŶstƌaiŶt-ďased teĐhŶiƋues.  OŶ the otheƌ 

haŶd, the iŵpleŵeŶtatioŶ of the ƌeasoŶiŶg ƌules ǁasŶ͛t aŶ easǇ task due to the ŵultiple 

ĐoŶditioŶs that had to ďe ĐheĐked iŶside Ŷested loops. CoŶǀeƌtiŶg the ƌesultiŶg iŶteƌseĐtioŶ ŵatƌiǆ 

iŶto ǀalid ĐoŵďiŶatioŶs ǁas also a ĐhalleŶge due to ŵultiple possiďilities aŶd iŶĐoŶsisteŶt 

ĐoŵďiŶatioŶs eǆpeĐted. With the suppoƌt of pǇthoŶ oŶliŶe suppoƌt ĐoŵŵuŶities, espeĐiallǇ 

“taĐkOǀeƌfloǁ, I ǁas aďle to oǀeƌĐoŵe these ĐhalleŶges aŶd fiŶalize the ŵodel. WoƌkiŶg oŶ test 

Đases has giǀeŶ ŵe a lot of iŶsight aŶd helped ŵe fiŶd ďugs aŶd eliŵiŶate theŵ. 

The kŶoǁledge I͛ǀe gatheƌed fƌoŵ this ǁoƌk is goiŶg to ďe of gƌeat help iŶ doiŶg fuƌtheƌ ƌeseaƌĐh iŶ 

the field of Ƌualitatiǀe spatial ƌeasoŶiŶg.  
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AppeŶdiĐes 

AppeŶdiǆ ϭ 

CoŵpositioŶ taďle foƌ the topologiĐal ƌelatioŶs ďetǁeeŶ siŵple ƌegioŶs. 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

d(a,b) 
b0 b1 b2 

a0 1 1 1 

a1 1 0 0 

a2 1 0 0 

m(a,b) 
b0 b1 b2 

a0 ϭ ϭ ϭ 

a1 ϭ ϭ Ϭ 

a2 ϭ Ϭ Ϭ 

cb(a,b) 
b0 b1 b2 

a0 ϭ ϭ ϭ 

a1 Ϭ ϭ ϭ 

a2 Ϭ 0 ϭ 

ct(a,b) 
b0 b1 b2 

a0 ϭ Ϭ Ϭ 

a1 ϭ Ϭ Ϭ 

a2 ϭ ϭ ϭ 

i(a,b) 
b0 b1 b2 

a0 ϭ ϭ ϭ 

a1 Ϭ Ϭ ϭ 

a2 Ϭ Ϭ ϭ 

cv(a,b) 
b0 b1 b2 

a0 ϭ Ϭ Ϭ 

a1 ϭ ϭ Ϭ 

a2 ϭ ϭ ϭ 

e(a,b) 
b0 b1 b2 

a0 1 0 0 

a1 0 1 0 

a2 0 0 1 

o(a,b) 
b0 b1 b2 

a0 1 1 1 

a1 1 1 1 

a2 1 1 1 
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AppeŶdiǆ Ϯ 

Region and line possible relations 

 

 

 

 

 

 

R1 =  [[1, 1, 1], 

       [1, 0, 0], 

       [1, 0, 0]] 

 

 R2 =  [[1, 1, 1], 

       [1, 1, 0], 

       [1, 0, 0]] 

 

 

 

 

 

 

R3 =  [[1, 0, 1], 

       [1, 1, 0], 

       [1, 0, 0]] 

 

 R4 =  [[1, 1, 1], 

       [1, 1, 1], 

       [1, 0, 0]] 

 

 

 

 

 

 

R5 =  [[1, 0, 1], 

       [1, 1, 1], 

       [1, 0, 0]] 

 

 R6 =  [[1, 0, 0], 

       [1, 1, 1], 

       [1, 0, 0]] 

 

 

 

 

 

 

R7 =  [[1, 0, 0], 

       [1, 1, 1], 

       [1, 0, 1]] 

 

 R8 =  [[1, 0, 0], 

       [1, 1, 0], 

       [1, 0, 1]] 

 R9 =  [[1, 0, 0], 

       [1, 1, 1], 

       [1, 1, 1]] 

 

 R10 = [[1, 0, 0], 

       [1, 1, 0], 

       [1, 1, 1]] 

 

 R11 = [[1, 0, 0], 

       [1, 0, 0], 

       [1, 1, 1]] 

 

 R12 = [[1, 0, 0], 

       [1, 0, 1], 

       [1, 1, 1]] 

 

 R13 = [[1, 0, 1], 

       [1, 0, 1], 

       [1, 1, 1]] 

 

 R14 = [[1, 0, 1], 

       [1, 1, 1], 

       [1, 1, 1]] 

 

 R15 = [[1, 0, 1], 

       [1, 1, 1], 

       [1, 0, 1]] 

 

 R16 = [[1, 1, 1], 

       [1, 1, 1], 

       [1, 0, 1]] 

 

 R17 = [[1, 1, 1], 

       [1, 0, 1], 

       [1, 1, 1]] 

 

 R18 = [[1, 1, 1], 

       [1, 0, 1], 

       [1, 0, 1]] 

 

 R19 = [[1, 1, 1], 

       [1, 0, 1], 

       [1, 0, 0]] 
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